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O rpaHHHHOM nOBeflGHHH OTKpWTblX ^^HCKpeXHBIX OToSpajKeHHH Ha pHMaHO- 
BBIX MHOrOo6pa3H5IX 

On boundary behavior of open discrete mappings on Riemannian manifolds 

Hccjie^oBaHBi BonpocBi, cBaaanHBie c bosmojkhocxbio nenpepBiBHoro npo^ojiJKeHHH nexo- 
xopwx KjiaccoB oxo6pa>KeHHH na pHManoBbix MHorooGpaanax b xo^kh rpaHHpw sa^aHHon 
oGjiacxn. B nacxHocxn, ^jia xax nasBiBaeMbix KOJinpeBBix oxoCpaxcennH ycxaHOBjien peayjm- 
xax o HajiHHHH nenpepbiBHoro npo^ojiJKeHHH b HsojmpoBaHHyio xpaHnnHyio xonxy. KpoMe 
xoro, aHajiornnHBie xeopeMBi nojiynenti xaKxce n npn Gojiee o6iu;hx ycjiOBnax na rpannpBi 
aa^aHHOH n oxo6pa>KeHHOH oGjiacxen. B xanecxBe npHjioxceHHfi pasBHxoH xexnnKH ^oKasana 
B03M0>KH0CXb HenpepblBHOXO npOflOJIJKeHH3 npOH3BOJIBHOrO OXKpbIXOrO flHCKpeXHOrO coxpa- 
Haioipero rpannpy oxo6pa>KeHHH Kjiacca Opjmna-CoGojieBa b HBOJinpoBannyio rpaKHnnyio 
xonxy. 

For some class of mappings, there are investigated problems connected with a possibility of 
continuous extension to a boundary on Riemannian manifolds. In particular, for so-called ring 
mappings, there is proved a result related to continuous extension to an isolated boundary 
point. Besides that, similar theorems hold for more general boundaries. As application of 
developed technique, there is proves a theorem about continuous extension of mapping of 
Orlicz-Sobolev class to an isolated singularity. 

1 BBe^eHHG 

1.1 

FpauHUHoe noBe^enue oxoCpaxceHuu, xau uBBecxuo, uBjiuexcH o;];hhm h 3 Baxcueumux o6x.- 
eXXOB HCCJieflOBaHHH B XeOpUH KBaBHKOHcJiOpMHBIX OXo6pa>KeHHH H OXobpaJKeHHH c orpauH- 
ueuHBiM HCKajKeuueM no PemexnnKy, cm. m. m. 0. ffl. 0.0.0.0. H. m. ra. ra 
H PI- Flo oxoMy noBOfly neoCxo^uMo xanxce oxmcxhxb Bnanuxenunoe KOJiuuecxBo nybjiuKa- 
pnu, KacaroigHxcn oxobpajKennH c KoneuntiM ucKaxcenueM (cm., nanp., [T3], [15], |16j . PI H 

m)- 

Ox^ejiBHo oxMexHM paboxBi, b Koxopuix 3a ocnoBy onpe^enenuH Gepyxcn nepaBencxBa 
Mo^yjiBHo-eMKocxHoro xapaKxepa, cm. |19j- PI- Taxon no^xo^ npefljiojxen O. Mapxno n nc- 
nojiB30Bajicn hm cobmccxho c B.H. Pn3aHOBbiM, y. CpeGpo n 3. RxyGoBbiM b pn^e cobmccx- 
Hbix paGox H MOHorpacJiHH (cm., nanp., m)- CXOHX OXMCXHXB, UXO OXoGpaJXCHHH C XOHCUHBIM 
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HCKajKeHHeM, onpe^ejieHHbie b MonorpacjDHH [16], npn ^ocxaTOHno oGipax xonojiorHHecKHx 
H anajiHXHHecKHx ycjioBHax aBjiaioxca no^KjiaccoM oxo6pa>KeHHH, yflOBjiexBopaiomHx yxa- 
saHHbiM BBime Mo^yjiBHbiM opeHKaM (hxo ycxanoBjicHo b pa6oxe |25j). 

OcxaHOBHMCH xenepB na cxaxBe |19) . r^e Hccjie^oBaH Kjiacc xax nasBiBaeMBix KOJiBpeBBix 
Q-rOMeOMOp(|)H3MOB Ha pHMaHOBBIX MHOrOo6pa3HHX, B HaCXHOCXH, HOJiyHeHBI pe3yjIBXaXBI 
o jioKajiBHOM H rpaHHHHOM HOBe^eHHH. S^ecB xaKJKe HOJiyHeHBi nojie3HBie npHjiojKeHHH, 
KacaromnecH KjiaccoB OpjiHHa-CoGojieBa, BBH^y Hero mojkho 6bijio 6bi xaKxce ynoMHHyxB 
paGoxy m- 

CxpeMHCB ycHjiHXB 3XH pe3yjiBxaxbi BMecxe c xeM, hxo6bi b neKoxopoM cMbicjie, nocxa- 
BHXB B HHX OKOHHaxejIBHyiO XOHKy, MBI HOKaJKeM B HaCXOHipeH CXaXBe, HXO rpaHHHHBie xeo- 
peMbi HMeiox Mecxo ne xojibko ^jih cooxBexcxByioipHx KjiaccoB roMeoMop4)H3MOB, y^oBjie- 
xBopjHoipHx onpe^ejieHHbiM Mo^yjiBHbiM HepaBeHcxBaM, ho xaKxce h ^jih xaK Ha3BiBaeMBix 
OXKpBIXBIX flHCKpeXHBIX OXo6pa>KeHHH, X.e., OXo6pa>KeHHH, COXpaHHIOipHX CBOHCXBO MHOJKe- 
cxBa Gbixb oxKpBixBiM, H npoo6pa3 xohkh npH Koxopnix ecxb H30JiHpoBaHHoe mhojkocxho. 
EcxecxBeHHo, xanne oxo6pa>KeHHH Moryx hmcxh xohkh BexBjieHHH (^pyrnMH cjioBaMH, hx 
HHx.eKXHBHocxB He o6H3axejiBHa). B cjiynae oxoGpaHceHHH c BexBjieHHeM cbh3b KOJinpeBBix 
oxoGpajKeHHH c KjiaccaMH OpjiHHa-CoGojieBa na rpaHHpe oGjiacxH, no-BH^HMOMy, mojkbx 
6bixb ycxaHOBjiena ne bo Bcex cjiynanx. Tom ne Menee, b cjiynae HBOjinpoBaHHofl xohkh 
rpaHHpBi xaKan cbh3b xohho HMeex Mecxo, BBH^y Hero naMH h 6y^ex c(|)opMyjiHpoBaH coox- 
BexcxByrorpHH pe3yjiBxax. 

Tenepb homhoxo o cxpyKxype pa6oxBi h ochobhbix pe3yjiBxaxax. CxaxBH cocxohx h3 mecxH 
pa3flejioB - BBe^eHHH h hhxh cmbicjiobbix naparpacJiOB, Henocpe^cxBeHHo ne B3aHMocB5i3aH- 
HBix MejK^y C060H, HO o6x.eflHHeHHBix oGrpefl H^een: oxo6pa>KeHHe o6H3aHo y^oBjiexBopjixB 
KaKOMy-jinGo Mo^yjiBHo-eMKocxHOMy HepaBencxBy. 3xh oxo6pa>KeHH5i Hccjie^yioxcH naMH 
npeHMyrpecxBeHHo c xohkh 3peHHH rpaHHHHoro noBe^eHHH, neMy h nocBHrpeHa cxaxBH. Ha- 
MH npe^jiaraexcH cjie^yiorpaH cxeMa H3Jio>KeHHH HacxonrpeH paGoxBi: 

1) BBefleHHe. 

2) HsojiHpoBaHHBie oco6eHHOCTH KOJiBii,eBBix OTo6pa:a<;eHHH OTHOCHxejifcHO p- 
MO/i,yjia. SflecB ^oKaBaHBi pe3yjiBxaxBi, o 6 o 6 ru;aioru;He ecxecxBeHHBiM o6pa30M xeopeMBi 06 
H30JiHpoBaHHBix ocoGeHHocxHx KBa3HKOH(|)opMHBix oxo 6 pa>KeHHH. «06o6rLi;eHHe» H^ex cpa- 
3y B xpex pa3JiHHHBix HanpaBjieHHHx; bmocxo o 6 jiacxH b paccMaxpHBaexca o 6 jiacxB na 
pHMaHOBOM MHoroo6pa3HH M" pa3MepHocxH n; bmocxo orpaHHHeHHoii xapaKxepncxHKH KBa- 
3HKOH(|)opMHocxH K[x) paccMaxpHBaexcH npoH3BOJiBHaH xapaKxepHcxHKa c «yMepeHHBiM» 
pocxoM; «nopH^OK» p Mo^yjiH ceMeficxB kphbbix - hpohbbojibhbih, b npe^ejiax ox n — 1 ^o n 
(b onpe^ejieHHH oxoGpaHceHHH c orpaHHHeHHBiM HCKaxceHneM oxox nopa^oK oGbihho p = n, 
HXO cooxBexcxByex xopomo H3BecxHOMy nepaBencxBy IlojiepKoro, cm. (T] xeopeMa 8.1, rji. II]). 

3) FpaHHHHoe noBefleHHe KOJifcpeBbix OTo6pa:a<;eHHH oxHOCHxejiBHO p-MO^^yjia. 

SflecB HOJiyHCHBi pe3yjiBxaxBi o nenpepBiBHOM npo^ojiJKeHHH b rpaHHHHBie xohkh oxKpBi- 
xBix flHCKpexHBix oxoGpajKOHHH, coxpaHJHoipHx xpaHHpy. HeKoxopBie aHajioxH yKa3aHHBix 
pe3yjiBxaxoB b b cjiynae KOHcJiopMHoro Mo^yjiH Moryx 6bixb Hafi^enBi b pa6oxax [5], [20] 
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H MOHorpa(|)HH |3]. B HacTOHmefi cTaxte BnepBbie paccMaxpHBaeTca cjiynafi neroMeoMopcJ)- 
HBix oxo6pa>KeHHH c HeorpaHHHeHHOH xapaKxepncxHKOH na MHoroo6pa3HH, Kor^a nopa^oK 
Mo^yjia H3MeHHexcH b npe^ejiax ox n — 1 n. 

4) ycxpaHeHHe HSOJiHpoBaHHtix oco6eHHOCTeft KJiaccoB OpjiHna—CoSojieBa. 

roMeoMop4)H3MOB noflo6HBie xeopeMBi Moryx 6bixb nojiynenBi kbk cjie^cxBHe h3 |23l xeope- 
Ma 2.2] H [31 xeopeMa 6.2], HacKOJiBKo naM mbbccxho, ;];pyrHe Bepcnn yKa3aHHBix pe3yjiBxaxoB, 
B xoM HHCJie, Ha pHMaHOBBix MHoroo6pa3HHx H c npoH3BOJiBHBiM HopH^KOM Mo^yjiH, paHce 
HHKeM He nyGjiHKOBajiHCB. 

5) HeKOTopbie npHMepBi. Anajior HepaBencTBa xHna Baiicajia. S^ecB ocHOBHoe 
BHHMaHHe y^ejiHexcH npHBe^eHHio HeKoxopnix KOHKpexHBix npHMepoB oxoGpaxceHHH Kjiacca 
OpjiHHa-Co6ojieBa b KOHxeKcxe rpaHHHHoro noBefleHHH oxo6pa>KeHHH, a xaKxce ycxanoBjie- 
HHio Ha pHMaHOBBix MHoroo6pa3HHx Mo^yjiBHoro HepaBeHcxBa xnna Bhhchjih, Gjiaro^apn 
KoxopoMy HiHpoKHe KjiaccBi oxo6pa>KeHHH HeMe^jieHHo cxaHOBHxcn npHMepaMH oxo6pa>Ke- 
HHH, Hccjie^yeMBix B cxaxBe. 

6) OxKpBiTOCTB H flHCKpexHOCTb o/i,Horo KJiacca OToSpajKeHHH. B cxaxBe npeHMy- 
ni;ecxBeHHo Hccjie^yioxcH oxo6pa>KeHHH, yflOBjiexBopinoni;He BepxHHM opeHKaM oxHocHxejiBHo 
Mo^yjiH ceMeHcxB kphbbix, Koxopnie a priori npe^nojiaraioxcH oxkpbixbimh h ^HCKpexHBiMH. 
K cojKajieHHio, ^oKaBaxB oxKpnixocxB h ^HCKpexHocxB H3 xaKHx opeHOK, He npepnojiaraH 
Hx 3apaHee, hhm HenocpepcxBeHHo ne ypaexcH. TeM ne Menee, oxoGpaxceHHH, ypoBjiexBopH- 
loipHe B HeKoxopoM cMBicjie «o6paxHBiM» HepaBeHcxBaM, oKaBBiBaioxcH Bcerpa oxkpbixbimh 
H pHCKpexHBiMH. 3xox (|iaKx poKa3aH B cxaxBe H HOMeipeH B HocjiepHHH pa3peji paGoxBi. 

1.2 

riepefipeM k onpepejieHHHM h cJiopMyjiHpoBKaM ochobhbix pe3yjiBxaxoB. CjiepyroipHe hohh- 
XHH Moryx 6bixb HanpeHBi, nanp., b |26]-[27]. HanoMHHM, hxo n-MepHUM monoAozunecKUM 
MHoeoo6pa3ueM M” Ha3BiBaexcH xaycpopcJioBo xonojioxHHecKoe npocxpancxBo co chcxhoh 
6a30H, KajKpaH xoHKa Koxoporo HMeex oKpecxHocxB, roMeoMopcJinyio neKoxopoMy oxKpni- 
xoMy MHOJKecxBy b R"'. Kapmou na MHoroo6pa3HH M”' 6ypeM Ha3BiBaxB napy {U,(p), rpe 
U — oxKpBixoe MHOHcecxBo npocxpaHcxBa M"" h (p — cooxBexcxByioipHH roMeoMop(|)H3M 
MHOJKecxBa U na oxKpnixoe mhojkocxbo b R". Ecjih p E U h (p{p) = G R", 

xo cooxBexcxByioipHe HHCJia x^,... ,x‘^ Ha3BiBaioxcH AOKaAhHUMu KoopduHamaMu mounu p. 
PAadnuM MH020o6pa3ueM Ha3BiBaexcH caMo mhojkocxbo M"" BMecxe c cooxBexcxByioipHM na- 
6opoM Kapx [ Ua , ( pa ), TaK, HXO o6x.epHHeHHe Bcex Ua HO napaMexpy a paex Bce M"' h, KpoMe 
xoro, oxoGpajKeHHe, ocyipecxBjiHiomee nepexop ox opnoH chcxombi jioKajiBHBix KooppHHax k 
ppyroii, npHHapjiejKHx Kjiaccy C °°. 

HanoMHHM, HXO puManoeou Mempunou na rjiapKOM MHoroo6pa3HH M"" Ha3BiBaexcH nojio- 
jKHxejiBHo onpepejieHHoe rjiapKoe cHMMexpHHHoe xeH3opHoe nojie xnna (0,2). B HacxHocxH, 
KOMHOHeHXBI pHMaHOBOH MOXpHKH B pa3JIHHHBIX JIOKajIBHBIX KOOppHHaxaX {U, x) H {V, y) 
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B3aHMocB33aHt.i Hocpe^cTBOM TeH3opHoro 3aKOHa 



PuManoeuM MH020o6pa3ueM 6y^zi;eM Ha3BiBaTB rjia^Koe MHoroo6pa3He BMecxe c paManoBofl 
MexpHKOH Ha HeM. ^jiHHy rjia^KOH kphboh 7 = 7 (t), t G [^ 1 ,^ 2 ], coe 7 ;HHHioni;eH xohkh 7 (^ 1 ) = 
Ml G M”, 7(^2) = M2 G M”, H n-MepHBiH o6x.eM o6jiacxH A na pHMaHOBOM MHoroo6pa3HH 
onpe7,ejiHM corjiacHo cooxHomeHHHM 



( 1 ) 


BBH 7 ;y nojiojKHxejiBHofl onpe 7 ;ejieHHocxH xeH3opa g = gij{x) HMeeM: det gij > 0. PeodesuHe- 
CKUM paccmosiHueM MeJK7;y xoHKaMH pi h p2 G M"' 6y7;eM Ha3BiBaxB HaHMeHBmyio 7;jiHHy 
Bcex KycoHHo-rjia 7 ;KHx kphbbix b coe 7 ;HHHion];Hx xohkh pi h p 2 - reo7;e3HHecKoe pac- 

cxoHHHe Me>K7,y xoHKaMH Pi H P 2 o6o3HaHaxB chmbojiom d{pi,p2) (Bcio7;y 7;ajiee d 

o6o3HaHaex reo7,e3HHecKoe paccxoHHHe, ecjiH ne oroBopeno npoxHBHoe). B hbcxhocxh, ma- 
poM B{xQ,r) c geumpoM e monne Xq G M” u paduyca r > 0 na pHMaHOBOM MHoroo6pa3HH 
M” MBi 6 y 7 ,eM Ha 3 BiBaxB cjie 7 ;yioni;ee MHOJKecxBo: 


B{xo, r) = {x e M" I d{x, xo) < r} . 


Tax KaK pHMaHOBo MHoroo6pa3He, Boo6n];e roBopa, ne npe7;nojiaraexcH cbhbhbim, paccxo- 
HHHe MejK 7 ;y jhoGbimh xoHKaMH MHoroo6pa3 HH mojkcx 6bixb ne onpe7,ejieHo. Xopomo h 3- 
BecxHo, Hxo jHo6a5i xoHKa p pHMaHOBa MHoroo6pa3HH M"" HMeex oKpecxHocxB U 3 p (na- 
3BiBaeMyio 7,ajiee HopMaAhHou oKpecmHocm'b'io mouKu p) h cooxBexcxByiomee Koop7;HHaxHoe 
oxoGpaxceHHe (p: ?7 —>■ M"", xaK, hxo reo7;e3HHecKHe ccJiepBi c penxpoM b xohkc p h pa7;H- 
yca r, jiejKamne b oKpecxHocxH U, nepexo7,Hx npn oxoGpaxceHHH ip b eBKjiH7,oBBi ccJiepBi 
xoro JKe pa7;Hyca, a nynoK reo7,e3HHecKHX kphbbix, hcxohh ttt hx h3 xohkh p, nepexo7 ;HX b 
nynoK pa7,HajiBHBix oxpe3KOB b M" (cm. [26l jicmmbi 5.9 h 6.11], cm. xaKJKc KOMMCHxapHH 
Ha exp. 77 37,ecB jkc). JIoKajiBHBie Koop7;HHaxBi ip{p) = {x^,... ,a;"') b sxom cjiynae Ha3Bi- 
BaiOXCH HOpMaAhHUMU KOOpduHamaMU XOHKH p. CxOHX OXMCXHXB, HXO B CJiyHaC CBH3HOrO 
MHoroo6pa3HH M" oxKpnixBie MHoxceexBa McxpHnecKoro npocxpancxBa (M”, d) nopo>K7,aiox 
xoHOJioxHio Hcxo7;Horo xonojioxHHecKoro npocxpancxBa M”' (cm. 1261 jicMMa 6.2]). SaMcxHM, 
HXO B HopMajiBHBix Koop7,HHaxax Bcer7;a xcHBopnaH Maxpnpa gij{x) b xohkc p — e7;HHHHHaH 
(a B cHjiy HenpepBiBHoexH g b xohkbx, 6jih3khx k p, oxa Maxpnpa ckojib yro7;Ho 6jiH3Ka k 
e7 ;HHHHHOH; cm. [26l nyHKX (c) npe7;jiOHceHHH 5.11]). 


1.3 


HanoMHHM onpe 7 ;ejieHHH KjiaccoB Co6ojieBa h oxoGpajKCHHH c kohchhbim HCKaxccHHeM, ko- 
xopBie 6y7;yx Heo6xo7;HMBi naM b 7 ,ajiBHeHmeM (cm. |T6] h [I9]). Bcio7,y 7,ajiee b 7 ,aHHOH 
cxaxBc 6y7,yx paccMaxpHBaxBCH xojibko nenpepBiBHBie oxo6pa>KeHH5i / : 77 —)• M” o6jiacxH 
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D C M”, jih6o f : D ^ M" o6jiacTH D C M"', r^e M” h M” ^ajiee o6o3HaHaioT pHMaHOBbi 
MHorooGpasHH pasMepnocTH n c reo^esHHecKHMH paccTOHHHaMH d h d^, cooTBexcTBenHo, 
ecjiH TOJiBKo He oroBopeHo npoxHBHoe. 

IlycxB [/ — oxKpBixoe MHOJKecxBO, [/ )-M — neKoxopaa (|)yHKn,HH, u E 

S^ecB H ^ajiee dm{x) osHanaex sjieMenx o6x.eMa b M”, cooxBexcxByioniHH Mepe 
Jle6era m. ripe^nojiojKHM, hxo Hafl^excH cJiyHKpHH v E Ll^^{U), xaKaa hxo 


/ 


dtp 

dxi 


{x)u{x)dm{x) 


u 


fljiH JH 060 H 4)yHKn,HH p E Ci{U). Tor^a 6 yfleM roBopnxB, hxo cJiyHKpHH v HBjiaexcH o6o6m,eH- 
Hou npouseodnou nepeoeo nopfidna ^yHK'nuu u no nepeMennou Xi, h oGosHanaxH chmbojiom: 

OyHKpHH u E Wi^^{U), ecjiH u HMeex o6o6n];eHHBie nponsBo^HBie nepBoro nopa^Ka no 
KajK^OH H3 nepeMeHHBix b U. 

IlycxB G — oxKpnixoe mhojkccxbo b M"'. OxoGpanceHHe f: G ^ M” npHHa^JieJKHX KAaccy 
CodoAeea Wl^liG), nnuiyx / E Wl^liG), ecjiH Bce Koop^^HHaxnwe (JiynKpHH / = (/i,..., /„) 
o6jiaflaiox o6o6n];eHHBiMH nacxHBiMH hpohbbo^hbimh nepBoro nopa^Ka, Koxopwe jioKajiBHo 
HHxerpnpyeMBi b G b nepBoii cxenenn. Ecjih ^onojiHHxejiBHo ^ E L^^^{G), p ^ hj = 
1,2,... ,n, xo roBopnx, hxo / G Wl^^iG). 

IlycxB xenepn o 6 jiacxB D C M”, xor^a 6 yfleM roBopnxB, hxo oxoGpanceHHe f:D^ 
npHHa^jiejKHx Kjiaccy / E Wl^^{D), ecjiH Kanc^an napa xohok p E D vl f{p) E f{D) HMeex 
OKpecxHocxH U <Z D, V G f{D), b Koxopwx if) o f o p~^ E Wl^l{p{U)) , r^e p-. U —)■ 

R tjj: V — >■ M” — cooxBexcxByion];He Kapxw, nepeBo^amHe U r V b neKoxopwe oxKpwxBie 
HO^MHOJKeCXBa M”. 

riycxB D — oGjiacxB b M”, n ^ 2. IIojiaraeM b xohkhx ^HcJicJiepeHpHpyeMocxH x E D 
oxoGpaxceHHH f: D ^ 

||/'(a;)|| = max J{x, f) = det f'{x), 

/ieM"\{o} \n\ 

F^e, KaK oGbihho, f'{x) — Maxpnpa 5 Iko6h oxo6pa>KeHHH / b xohkb x. OxoCpaxcenne f: D 
M" Sy^eM Ha3BiBaxB omodpaoKenueM c kohchhum ucKacHcenueM, ecjiH / G r ^jih 

HeKOXOpOH 4)yHKH,HH K[x) : D —)■ [1, 00 ) BBIHOJIHeHO yCJIOBHe 




npH HOHXH Bcex X E D (cm. jini H. 6.3, FJI. VI]). 

IlycxB X R Y — jpsa xonojiorHHecKHx npocxpancxBa. Oxo6pa>KeHHe f: X ^ Y dyp^eM 
Ha3BiBaexcH orriKpumuM, ecjiH f{A) oxKpnixo b Y ^jih jhoGofo oxKpwxoro A G X, r duc- 
KpemnuM, ecjiH ^jih Kaxc^oro y E Y jiioGwe ^Be pa3JiHHHBie xohkh MHoxcecxBa f~^{y) 
HMeiox HonapHo nenepeceKaioipHecH oKpecxHocxH. IlycxB xenepn D — oGjiacxB na pHMano- 
BOM MHoroo6pa3HH M" H / : D —)■ M" — HeKoxopoe oxKpnixoe ^ncKpexHoe oxoGpaxceHHe. 



6 


Onpe^ejiHM HKoGnan oTo6pa>KeHH5i b xoHKe x E D Kax 

J[x, f) = lim sup- — -^ , 

r^o v[B[x,r)) 

r^e u H u* — o6x.eM b M” h M”, cooTBexcTBeHuo. SaMexuM, uxo b uopMajiBUBix Koop^u- 
uaxax onpe^ejieHHBiii xauuM o6pa30M uKoGuau oxupuixoro ^ucKpexHoro oxoGpajKeuHu / c 
xouHocxBK) flo 3HaKa coBua^aex b nouxu Bcex xouKax ^Hcj^cj^epeupupyeMocxH c o6biuhbim 
uKoGuaHOM (onpe^ejiHxejieM uKoGueBou Maxpupui), cm. xeopcMa 2, pa3fl. V.3.2]. Ilojia- 
racM 

d*Ui.x)J{y)) ,, . rdMix),f{y)) 


L{x, f) = lim sup 

y^x 


. , /(x,/) = liminf ■ 

d{x,y) y^x d{x,y) 

F^e d R — reofle3HuecKHe paccxouHuu ua M” u M”, cooxBexcxBeuuo. npe^nojiojKUM, uxo 

oGjiacxB D C M"^, xor^a oxoGpajKeuue f: D ^ M” uaBBiBaexcu omodpaoiceHueM c kohchhum 

ucKaofceHueM, ecjiu ^Jiu nouxu Bcex x E D r neKoxopou nouxu Bcio^y Koneunou cJiynKpuu 

K{x) < oo BBinojineno uepaBcncxBo 

L^xJ)^K{x)-J{xJ). 

S^ecB «nouxu Bcex» nonuMaexcu b cooxBcxcxByioipeH xapxe b M"’. 

OxMexuM, uxo fljiu oxoGpaucenuu c KoneunuiM ucKaucenueM u npouBBOJiunoro p ^ 1 
KoppcKxno onpep;ejieBa u nouxu Bciop;y Koneuna xax uaBBiuaeMau eHympeHHHH dunamayuR 
Ki. p{x, f) omodpaoiceHUH f nopfidna p e monne x, onpep;ejiueMau pauencxuaMu 

ip\xj) ’ d{x, f) ^ 0 , 

Ki^p{x,f) = { 1, f\x) = 0, . (3) 

oo, 


( 2 ) 


B ocxajiBBBix cjiyuaux 


IlycxB ip: [0, oo) —)■ [0, oo) — neyGuiBaioipau (JiyBKpuu, f : D ^ 


oxoGpaucenue Kjiacca 


Whl- Byp,eM roBopuxB, uxo / G ecjiu b npouBBOJinnuix jioKajiBBBix Koopp;uBaxax 


rl,(^ 


<p(|V/(a;)|) dv{x) < oo 


(4) 


G 


p;ji3 jnoGou KOMnaKxnou nop;oGjiacxu G G D, rp;e 

|v/U)| = 


\ 


n n 

ZE 

1=1 j=i 


dfi 

dxj 


Kjiacc Wl^'^ naBBiBaexcH KjiaccoM OpAuua-CodoAeea. 

Hexpyp;BO yxaBaxB op,BO U3 npocxuix ycjiOBUu na (j^ynupuio p, p;ji3 Koxopwx U3 BBinojine- 
nuu xpeGoBanuH b (0]) b op;boh KonKpexnou xapxe '0 Gyp,ex cjiep;oBaxB xanuce ero BBinojinenue 
B jnoGou p;pyroH xapxe. IlycxB <p: [0, oo) —)■ [0, oo) — neyGuiBaioipaH (JiynKpuu, xauau uxo 
npu ncKoxopBix nocxoannuix C > 0, T > 0 u Bcex t ^ T BBinojineno nepaBencxBO Bup;a 

(p{2t) ^ C ■ p{t). 

BBup;y ycjioBuu rjiap,Kocxu puManoBBix MnorooGpaBuu, npu noMoipu npuMwx BBiuucjienuu 
MBi MOJKCM yGep;uxBcu, uxo b sxom cjiyuae onpep,ejieBue Kjiacca Opjiuua-CoGojieBa ne 3aBu- 
cux ox KapxBi. 
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1.4 

riycTL. {X, d, /i) — npoH3BOJibHoe MexpH^ecKoe npocxpancTBo c MexpHKOH d, Ha^ejieHHoe 
MepoH /i H B{xQ,r) = {x E X \ d{x,xo) < r}. Cjie^yiomee onpe^ejieHHe Moxcex 6 bitb nafl- 
^eno, Hanp., b [H paa^. 13.4], By^eM roBopHXB, hto HHxerpnpyeMaa b B{xo,r) cJiyHKpHa 
ip: D ^ M. HMeex kohchhoc cpednee KOJiedanue b xoHKe Xq G D, nnineM ip G FMO{xo), ecjiH 

limsup / -^ / \p{x) -Tp^\dp{x) < oo, 

£->0 f^{B{xo, e)) J 

B{xo,e) 

= ^(B(xo,£)) / 

B{xo,e) 

1.5 

IlycTB D — no^MHOJKecTBo M"". oTo6pa>KeHH3 f'■ D —>■ M”, MHOJKecxBa E C D n 
y G M” onpe^ejiHM ^yHKyuw KpamHocmu N{y,f,E) Kax hhcjio npooGpaaoB tohkh y bo 
MHOJK ecTBe E, T.e. 

N{y, f, E) = card {xeE\ f\x) = y} , iV(/, E) = sup N{y, /, E). (5) 

yeR" 


1.6 

Kpueou 7 MBi uasBiBaeM uenpepBiBHoe oxodpaaceHue oxpesKa [a, b] (oxupuixoro uuxepBa- 
jia (a, 6), jihGo nojiyoxKpBixoro uHxepBajia BH7;a [a,b) ujiu («,&]) b M"", 7: [a,b] —)■ M"". 
Hot, ceMeflcxBOM xpuBuix F no 7 ;pa 3 yMeBaexc 5 i hckoxopbih (J^uKcupoBaHUBiu uadop xpuBuix 
7, a, ecjiH /: M"' —)■ M” — npouaBOJiBHoe oxodpaxceHue, xo /(F) := {/ o 7 | 7 G F} . ^jiuny 
npoH3BOJiBHOH KpuBOH 7: [o, 6] — ?• M”, jicxcaipeH ua MHoroodpaauH M"", mojkho onpe7;e- 

n—1 

jiHXB KaK xouuyio BepxHioio rpauB cyMM ^ d{'j{ti),'j{ti+i)) no BceBoaMoxcnuiM paadnenn- 

i=l 

3 M a ^ ti ^ ^ tn ^ b. Cjie7;yK)ni;He onpe7,ejieHHH b cjiynae npocxpancxBa M"’ Moryx 

dwxB HaH7;eHBi, nanp., b m pa37,. 1 - 6 , rji. I], cm. xaxjKe | 29 l rji. I]. BopcjicBa 4)yHKn,H3 
p\ M” —>■ [ 0 , 00] Ha3BiBaexc3 donycmuMou ccMcncxBa F kphbbix 7 b M”, ecjin jinneii- 
HBiH HHxerpaji no naxypajinnoMy napaMcxpy s Ka>K7;oH (jiOKajiBno cnpnMjineMon) KpnBon 

7 G F ox (JiynKpHH p y7;oBjiexBop5iex ycjiOBHio j p{'j{s))ds ^ 1 . B sxom cjiynae mbi nn- 

7 

nicM: p G admF. SacJiHKCHpyeM p ^ 1 n dy7,eM na 3 BiBaxB p-ModyACM ccMencxBa kphbbix F 
BCJiHunny 

Mp(F) = inf [ ff{x) dv{x). 

pgadmr J 

D 

Flpn 3XOM, ecjiH admF = 0, xo nojiaracM: Mp(F) = 00 (cm. [TTl paap,. 6 na c. 16 ] jindo 
| 29 [ c. 176 ]). CBOHcxBa p-M 07 ;yji 3 b ncKoxopon Mcpe anajiornnnBi cBoncxBaM McpBi Jledera 
m B M"’. Hmchho, p-M07;yjiB nycxoro ccMcncxBa kphbbix paBcn nyjiio, Mp{ 0 ) = 0, odjia7,aex 

CBOHCXBOM MOHOXOHHOCXH OXHOCHXCJIBHO CeMCHCXB KpHBBIX, 


Fi C F 2 ^ Mp(Fi) ^ Mp(F2), 


( 6 ) 




a TaK>Ke cbohctbom nojiya^AKTiiBHocTH: 


( oo \ oo 

U r* « E (r<) (7) 

i=l ) i=l 

(cm. m TcopcMa 6.2, rji. I] b R"" jih6o xeopeMa 1] b cjiynae Gojiee oGipHx npocxpancTB 
c MepaMH). FoBopax, hxo ceMeficxBo kphbbix Fi MUHopupyemcn ceMeficxBOM F 2 , nHincM 
Fi > F 2 , ecjiH flji3 KajK^oH KpHBOH 7 G Fi cyipecxByex no7;KpHBa3, KoxopaH npHHa7,jie>KHx 
ceMCHCxBy F 2 . B 3xom cjiynae, 


Fi>F 2 ^ Mp(Fi) ^ Mp(F2) (8) 

(cm. m xeopcMa 6.4, rji. I] jih6o 1291 CBOHCXBO (c)] B cjiyHac Gojiee o6 ttt mx npocxpancxB c 
MepaMH). 

1.7 

KaK H3BecxHo, B ocHOBy reoMexpHHecKoro onpe7;ejieHHH KBasHKOHcJiopMHBix oxo6pa>KeHHH 
/ : Z) ^ R", n ^ 2, MOHcex 6 bixb nojiojKeno HepaBencxBo 

M„(/(F))<iFM4F), (9) 

Koxopoe 7 ;oji>KHo bbihojihhxbch npoHSBOJiBHoro ceMeficxBa F kphbbix 7 b o 6 jiacxH D 
(cm., Hanp., m pasT,. 13, rji. 2]). Cjie 7 ;yioiii;ee onpe 7 ,ejieHHe, npHB 07 ;HMoe HHHce 7 ;ji 5 i pHMa- 
HOBBix MHoroo6pa3HH H npoH3BOJiBHoro nopH 7 ;Ka M 07 ;yjiH p ^ 1, npocxpancxBa R” h koh- 
(JiopMHoro M 07 ;yjiH Moncex 6 bixb HaH 7 ;eHo, nanp., b paGoxe m- FlycxB xq & D,Q\ D ^ [Q, cxo] 
— H3MepHMaH OXHOCHXejIBHO MepBI V (JiyHKpHH, H HHCJIO Tq > 0 XaKOBO, HXO Hiap B^Xq^Tq) 
jiejKHx BMecxe co cbohm BaMBiKanneM b neKoxopofi HopMajiBHofl oKpecxHocxH U xohkh xq. 
FlycxB xaKHce 0 < ri < r 2 < Tq, 


A = A{xo, ri, r 2 ) = {x G R" | ri < d{x, xo) < r 2 }, (10) 

Si = S{xo, Ti), i = 1, 2, — reo7,e3HHecKHe c(|iepBi c penxpoM b xoHKe Xq h pa7;HycoB ri h r 2 , 
cooxBexcxBeHHo, a F {Si, S 2 , A) o6o3HaHaex ceMeflcxBo Bcex kphbbix, coe7;HHHioiii;Hx Si h S 2 
BHyxpH oOjiacxH A. OxoGpaHceHHe f \ D ^ M” (jih6o f:D \ {xq} —)■ M” b 3aBHCHMocxH ox 
KOHxeKcxa) ycjioBHMca Ha3BiBaxB KOAhyeeuM {p,Q)-omo6paMceHueM e moune Xq G D, ecjiH 
cooxHomeHHe 

Mp (/ (F (^ 1 , ^ 2 , 41))) ^ j Q{x) • y^{d{x, Xo)) dv{x) (11) 

A 

BBIHOJIHeHO B KOJIBpe A npOH3BOJIBHBIX ri,r 2 , yKa3aHHBIX BBime, H 7,JI5I Ka>K7,OH H3Me- 

pHMOH (JiyHKpHH 7 ]'. (Xi, r 2 ) —)■ [O, CXD] XaKOH, HXO 
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OxMeTHM, HTo HepaBeHCTBo (fTT]) cooTBexcTByex ycjioBHio ([9]) npn p = n n Q{x) ^ K, & 
npH Q ^ K R npOH3BOJIBHOM p - HepaBBHCXBy 


M,(/(r))^ A'Afp(r), 


(13) 


BBinojiHeHHOMy npoHSBOJiBHoro ceMeficxBa T kphbbix 7 b oGjiacxH D. B HacxHocxH, 
npH 7;onojiHHxejiBHOM npe7;nojio>KeHHH, hxo / b (fT^ SBjiaexca roMeoMop(|)H3MOM h p G 
(n — l,n) H3BecxHBiM MaxeMaxHKOM O. FepHHroM ycxaHOBjieno, hxo / aBjiaexca jioKaAhHo 
Kea3UU30MempuHHUM, 7;pyrHMH cjiOBaMH, npn neKoxopon nocxoaHHofl C > 0 h Bcex Xq ^ D 
cnpaBe7;jiHBa openKa 


lim sup 

X^XQ 


\f{x)-f{xo)\ 
\x — Xq\ 




CM., uanp., [301 xeopcMa 2], ITpu p = n cbohcxbo KBa3HH30MexpHUHocxH yKa3aHHBix 0 x 06 - 
paxcenuH, k coxcajicHuio, yxpauuBaexcu, Kax noKa3BiBaex npocxofl npuMcp oxoGpajKeuHu c 
orpauHueHHBiM HCKajKeuueM f{x) = x G M" \ {0}, 0 < a < 1, /(O) := 0. 


IIocKOJiBKy pejiBio HacxouipeH cxaxuu ubjihcxcu H3yueHHe rpaHuunoro noBcpeHuu mupo- 
KHx KjiaccoB oxoGpajKeuHH, uaM Baxcuo Gbijio 6bi paxb hckuh auajior onpepejieuHH KOJiupe- 
Boro {p, (5)-oxo6pa>KeHH5i b cjiyuae HeuBOJiupoBauHOH xoukh xq rpanupBi o6jiacxH D, a ne 
xojiBKo B cjiyuae BHyxpeuHux u uBOJiupoBaHUBix xouck rpanupBi oGjiacxu. Hycxu p ^ 1, D 

- o6jiacxB B M", Q : M"" —)■ [0, 00 ] - UBMepuMau no JleGery (JiyHKpHn, Q{x) = 0 npn Bcex 
X ^ D. OxoGpajKenne f : D ^ M”' 6 ypeM naBBiBaxb KOAhv^eeuM {p,Q)-omo6paoiceHueM e 
moHKe Xq G dD, ecjin pjin neKoxoporo xq = x(xo) > 0 xanoro, nxo map B^xq^tq) jicjkhx 

B HCKOXOpOH HOpMajIBHOH OKpCCXHOCXH XOUKH Xq, npOH3BOJIBHbIX «C(|)epHUeCKOrO» KOJIBpa 
A = A(xo, ri, r 2 ), penxpnpoBaHHoro b xoukc Xq, papnycoB: ri, r 2 , 0 < ri < r 2 < xq = x(xo) 
H jhoGbix KOHxnnyyMOB Bi C B(xo,ri) D B, E 2 C M"" \ B{xo,r 2 ) fl D oxo6pa>KeHHe / 
ypoBjiexBopnex cooxHomenmo 

Mp (/ (r (El, E 2 , D))) < j Q{x) ■ p^{\x - Xol) dv{x) (14) 

A 

pjm KancpoH H3MepHMOH (J^ynKpnn p : (xi, X 2 ) —)■ [0, cxd], xaKon uxo hmccx mccxo cooxHomenne 
(na. OxoGpajKennn xnna KOJinpcBBix (p, (5)-oxo6pa>KeHHH 6 bijih npepjiojKenBi k HBynenmo 
O. Mapxno n H3yuajiHCB hm cobmccxho c B. PaBanoBBiM, Y. CpeGpo n 3. 5lKy6oBBiM b n- 
MepnoM eBKjinpoBOM npocxpancxBc, cm. j3]. B cjiyuae sxoro npocxpancxBa KOjmpeBBie (p, Q)- 
oxoGpaJKennn UBjimoxcn npepcxaBjienneM anajinxHuecKHX cJ^ynKpHii na hjiockocxh {p = n = 
2 H Q = 1), HjiocKHx H npocxpancxBeHHBix KBaBHKoncJiopMHBix oxoGpajKennn [p = n, Q ^ 
K = const) H oxo6pa>KeHHH c orpannuenHBiM ncKancenneM no PemexHUKy [p = n, Q ^ 
K = const) (cm. [71 xeopcMa 8.1, rji. II]). KaK mbi yjxe roBopnjin BBime, oxoGpajKennn c 
KoneuHBiM HCKancenneM b cmbicjic HBanpa-IIlBepaKa xaKxce ubjihioxch KOJinpcBbiMn (u, Q)- 
oxo6pa>KeHH5iMH, rpe Q BBiuncjinexcn ubho (cm. |25|I. 


1.8 

Tenepn hcmhoxo CBcpennH h 3 xeopnn McxpnuecKHX npocxpancxB. IlycxB {X, d, p) — Mcxpn- 
uecKoe npocxpancxBo c MexpnKon d, napejicnnoe jioKajiBHo Koneunon GopejicBCKon Mcpoil 
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jji. Cjie^yH [311 pasfleji 7.22] Oy^eM roBopHxt., hto OopejieBa (|)yHKn,H5i p: X —)■ [0, oo] hbjisi- 
excH eepxHUM spaduenmoM cJiyHKpHH m : X —)■ M, ecjin p;ji3 Bcex cnpHMjiaeMBix kphbbix 7 , 

coeflHHaiomHx xohkh x n y E X BBinojiHHexca HepaBencxBo \u{x) — u{y)\ ^ J pds, r 7 ;e, xax 

7 

oGbihho, J pds o 6 o 3 HaHaex jiHHeHHBifl HHxerpaji ox (jDyHKpHH p no KpnBon 7 . By 7 ,eM xanxce 

7 

roBopnxB, nxo b yKasannoM npocxpancxBe X BBinojinnexcn (l;p)-HepaBeHCXBO HyanKape, 
ecjiH HaH7,yxc3 nocxoannwe C* ^ 1 n r > 0 xanne, nxo 7 ;jih KaJK 7 ;oro mapa B <Z X, npona- 
BOJiBHOH jiOKajiBHO orpaHHneHHOH nenpepBiBHOH cJiyHKpHH m : X —>■ M n jiioOoro ee Bepxnero 
rpa7;HeHxa p BBinojinnexcn cjie7;yioni;ee nepaBencxBo: 


1 

P{B) 


/ 


u — UB\dp{x) ^ C ■ (diami?) 



i/p 


1 


r 7 ;e Ub ■= J udp{x), a tB oGoananaex map c penxpoM b xoh jko xonxe, nxo n B, no 

pa 7 ,Hyca b r paa dojinme pa 7 ;Hyca mapa B. MexpnnecKoe npocxpancxBo {X,d,p) naaoBOM 
Q-pezyAHpnuM no A^h^opcy npn nenoxopoM Q ^ 1, ecjin npn Ka7K7;oM xq G X n neKoxopon 
nocxonHHOH C ^ 1 

^p{B{xo,R))^CR^ 

(a7,ecb, B nacxHocxH, nocxoannan C ne aaBHcnx ox Xq). SaMexmvr, nxo jiOKajiBHO pnManoBBi 
MHorooGpaann aBjimoxcn n-peryjmpnBiMH no AjiB(|)opcy (cm. |T^ jieMMa 5.1]), r7,e b xanecxBe 
p BBicxynaex Mepa o6x.eMa v na MnorooGpaann, onpe7;ejiennan BxopwM cooxnomenneM b ([T]) . 
Cjie7;yex xannce aaMcxnxb, nxo ecjin pnManoBo Mnoroodpaane Q-peryjmpno no AjiB4)opcy, 
xo Q = n (cm. paccyjK7,enH5i na c. 61 b [31] o coBna 7 ;enHH Q c xayc 7 ;op(|)OBOH paaMcpnocxBio 
npocxpancxBa X, a xannce |19l jicMMa 5.1] o coBna7;enHH xonojiornnecKon n xayc7;op(|)OBBix 
paaMcpnocxen oGjiacxen pnManoBoro MnorooGpaann). 


1.9 

Bci 07 ;y nnjKe M** n M” - pnManoBW MnorooGpaann paaMcpnocxn n ^ 2, n D - oGjiacxn 
pHManoBa MnorooGpaann M”. CnpaBe7;jmBBi cjie7;yiom;He yxBepjK7;enHH. 

TeopeMa 1. IlycxB n ^ 2, p E [n — l,n], M" — CBnano, nBjmexcn n-peryjmpnwM 
no AjiB(|)opcy, xpoMc xoro, b M” BBinojineno (l;p)-nepaBencxBo HyanKape. HycxB xannce 
D — o6jiacxB B M", Bb C M” — neKoxopnin cJinKcnpoBannwH map pa 7 ,Hyca i?, xaKoii nxo 
Bb — KOMnaKX b M”, K C Bb - neKoxopnin KonxnnyyM, f: D\ {xq} -E- Bb\K — oxKpwxoe 
7 ;HCKpexnoe KOJinpeBoe (p, Q)-oxo6pajKenHe b xonne xq E D. npe 7 ;nojiojKHM, Q E FMO{xo). 
Tor7;a / HMeex nenpepwBnoe npo7,oji7KenHe f:D^ Bb (nenpepwBnocxB nonnMaexcn b 
CMB icjie reo 7 ;eaHnecKoro paccxonnnn d* b M”). 

37,ecB H 7,ajiee npedeAhuuM MHootcecmeoM omodpaoiceHUfi f omnocumeAhHo MHocacecmea 
E C M” naawBaexcH MnojKecxBo 

C{f,E) := \y E : 3 Xq E E : y = lim f{Xm),Xm Xq) . 

L m—)-cxD J 
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npe^ejiM B paBencTBe BBime cjie^yeT noHHMaxB b cmbicjib reo^esHHecKHx MexpHK d n 
COOXBeXCXBeHHO. 

3 a(j 3 HKCHpyeM p ^ 1. Byp;eM roBopnxB, hxo rpanHpa dD oGjiacxH D aBjiHexcH p-cuAhHo 
docmuMCUMOu e moHKe xq G dD^ ecjin p,ji 5 i jiio6oh oKpecxHocxH U xohkh xq HaHp;exc 5 i 
KOMnaKx E G D, oKpecxHocxB V G U xohkh xq h hhcjio 5 > 0 xaKHe, hxo Mp{r{E, E, D)) > 
S p,ji 3 jiio 6 oro KOHXHHyyMa E b D, nepeceKaroipero dU h dV (cm., nanp., [H paap;. 3.8]). 
IIojiaraeM 



(15) 


S{xo,r) 


B KanecxBe op;Horo h 3 nanGojice BajKHBix peayjiBxaxoB HacxoHmeH cxaxBH, npHBep,eM cjie- 
p,yioiri;ee yxBep>Kp;eHHe. 

TeopeMa 2. IlycxB p ^ 1, D - oGjiacxB b M"', D - KOMnaKx b M”, f : D ^ M* - 
oxKpBixoe p;HCKpexHoe KOJiBpeBoe (p, (5)-oxo6pa>KeHHe b xchkc Xq G dD, f{D) = D', D' - 
KOMnaKx B M”, oGjiacxB D jioKajiBHo cBaana b xchkc xq, C{f,dD) G dD' h dD' p-chjibho 
p;OCXH>KHMa XOXH 6 bI B Op,HOH XOHKC y G C'(/, Xq). npep;nOJIO>KHM, HXO (JiyHKpHH Q HMCeX 
KOHCHHoe cpep;Hee KOJie6aHHe b xchkc xq, jih6o 0 < qxoit ) < oo npn nonxH Bcex t G (0,eo) 
H npH HCKoxopoM £9 > 0, £o < dist (xq, 9/1), BBinojiHCHo cjiep;yioiri;ee ycjioBHe pacxop;HMocxH 
HHxerpajia: 



(16) 


Torja C(f,xa) = {y}. 

Oxo 6 pa>KeHH 5 i, yp,oBjiexBop 3 ioiii;He yKasannoMy BBime ycjioBHio C{f,dD) G dD', nasBi- 
BaioxcH oxo6pa>KeHH5iMH, coxpaHRmvquMu spanuyy (cm. m paap,. 3, rji. II]). 

dACMenmoM nAovqadu rjiapKofl noBcpxHocxH H na pHMaHOBOM MHorooGpaanH M” dypcM 
HaaBIBaXB BBipaXCCHHC BHpa 



rpe — pHManoBa Mexpaxa na H, nopoxcpeHHaH Hcxopnofi pHMaHOBOH MexpHKofl gij co- 
rjiacHo cooxHomcHHio 





(17) 


SpecB HHpcKCBi a H /3 MCHaioxcH ox 1 po n — 1, a x(u) oGoaHanaex napaMexpHaapnio no- 
BcpxHocxH // xaKyio, Hxo V^x 7 ^ 0. Eipe opan BaxcHefiniHil peayjiBxax nacxojiipeH cxaxBH, 
aaKjiioHaioipHH b cede npnjiojKeHHe paaBHxoil xexHHKH k npocxpancxBaM OpjiHna-CodojieBa, 
MOJKex 6 bixb ccJiopMyjiHpoBaH cjiepyioipHM odpaaoM. 

TeopeMa 3. IlycxB n^3,n — l<p^n,D - odjiacxB b M**, D - KOMnaKx b M”, mhoxo- 
odpaane M” CBaano, aBjiHexca n-peryjiapHBiM no AjiB(|)opcy, xpoMe xoro, b M” BBinojineno 
(1; Q;)-HepaBeHCXBO HyanKape, a = IlycxB, KpoMe xoro, U* — neKoxopan odjiacxB b 

M", roMeoMopcJinan KaKon-jindo orpaHnnennon odjiacxn b M" nocpepcxBOM roMeoMop(|)H3- 
Ma M", 5 iBji 3 ion];eroc 3 Kapxoil na M", a - neKoxopBin map b M” xanofl, nxo 
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Br C U* , H Br - KOMnaKT B M", Br 7^ M”. IlycTb Taxace N{f,D) < oo, Xq G D, xor^a 
KajK^oe oTKpbiToe, ^HCKpexHoe h coxpaHaiomee rpanapy oxo6pa>KeHHe f : D \ {xq} —)■ Br 
Kjiacca {D \ {xq}) c KoneHHBiM HcxajKeHHeM xaKoe, hxo C(/, Xq) fl C'(/, dD) = 0, npo- 
flOJiJKaexca b xonxy xq nenpepBiBHBiM o6pa30M oxo6pa>KeHH5i f : D ^ Br, ecjin 

OO 1 

n —2 

dt < OO (18) 

1 

H, KpoMe xoro, Hafi^exca cJiyHKpHH Q : D ^ {0, oo), xaxaa hxo Ki^a{x, f) ^ Q{x) npn noHXH 
Bcex X E D n npH neKoxopoM eg > 0, £o < dist(xo, dD), 

£0 

f dt . . 

I ^ -4 ( 19 ) 

i {t) 

Qxoi'^) '■= / Q{x) dA. B HacxHocxH, saKjiioHeHHe xeopeMBi |3] HBjiHexcH BepHBiM, 

\x-xo\=r 

ecjiH q^o{r) = O (^(logi)” npn r ^ 0. 

2 MsojiHpoBaHHbie ocoSenHOCTH KOjitpeBbix OTo6pa:ace- 
HHH OTHOCHTejIbHO p-MO^yjIS 

Xopomo H3BecxHa5i h 3 o6iri;ero xypca KOMnjieKcnoro aHajiH 3 a xeopeMa o6 ycxpaneHHH h 30 - 
jiHpoBaHHOH oco6eHHocxH yxBepjK^aex, hxo orpaHHHeHnaH anajiHXHHecKaH cJiyHKpHa ip : 
D \ {zo} ^ C o6jiacxH H \ {^^o} C C HMeex npe^eji b xonxe zq. 

3xox pe3yjiBxax o6o6iii;eH b n-MepnoM npocxpancxBe ^jih oxo6pa>KeHHH c orpaHHneHHBiM 
H KoneHHBiM HCKajKeHHeM (cm. 121 cjieflcxBHc 4.5], [71 xeopcMa 2.9, rji. Ill] H [m xeope¬ 
Ma 10], CM. xaKxce |1]. Hcckojibko noB^nee Gbijih nojiynenBi h ;];pyrHe o6o6iri;eHH5i, cpe^n 
KoxopBix, B HacxHocxH, MOJKHO ynoMHHyxB pe3yjiBxax, ycxanoBjieHHBiH o^hhm h 3 aBxopoB 
(cm. [24]). B nocjie^HHx paGoxax pe^B, b hbcxhocxh, n^ex o6 ycxpanenKH HBOJinpoBaHHoil 
ocoGeHHocxH H anajiorax xeopeMBi CoxopKoro-Befiepmxpacca ^jih xax Ha3BiBaeMBix KOJiBpe- 
BBix Q-oxoOpajKeHHH, x.e., oxo6pa>KeHHH, b ochobb onpe^ejieHHH KoxopBix jiexcHx cbohcxbo 
KOHxpojiHpyeMoro HCKaxcennH Mo^yjiH ceMeflcxB kphbbix. S^ecB (|)yHKn;HH Q oxBenaex 3a 
«HcnopHeHHocxB» HCKa>KeHH3 MOflyjia H npe^nojiaraexca, BooOipe roBopa, HeorpaHHHeHHoil. 
B xo ace BpeMa, co^epjKaxejiBHocxB pe3yjiBxaxoB ^jih yxaBaHHBix oxo6pa>KeHHH HMeex Me- 
cxo, KaK npaBHjio, b cjiynae cjiaGoro pocxa (|)yHKn;HH Q b oKpecxHocxH (|)HKCHpoBaHHOH 
H30JiHpoBaHHOH xoHKH, HanpHMep, ocoGeHHocxeH jiorapHcJiMHHecKoro xHna, cJiyHKpHH ko- 
HeHHoro cpe^Hero KOJieGaHHH h x.n. (cm. xaM xce). Cxohx oxMexHXB, hxo anajiHXHHecKHe 
4)yHKH,HH oxBenaiox Q = 1, a oxo6pa>KeHHH c orpaHHneHHBiM HCKaxceHHeM - Q = const, a 
nosxoMy Bce nepenHCJieHHBie pe3yjiBxaxBi co^epjKax b ce6e Kax cjie^cxBHe cooxBexcxByroipHe 
yxBepxygeHHH, xacaioipHecH anajiHXHHecxHx cJiyHxpHH. BooGipe, GojinmaH nacxB hbbccxhbix 
HBiHe xjiaccoB oxoGpaxceHHH xaxjxe hbjihioxch xojiBpeBBiMH Q-oxo6pa>xeHH5iMH npn ne ohchb 
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CHJIbHMX OrpaHHHeHHHX Ha XapaKXepHCTHKy KBaSHKOHcJiOpMHOCTH, rjia^KOCTH OTo6pa>KeHHH 
H Mepy Hx MHOJKecTBa xoneK BexBjieHHH (cm. |25)1. 

Hxo6bi KaK-xo ho^bixojkhxb ynoMHHyxBie peayjiBxaxBi, mbi noKaxceM b HacxoHmeM paa- 
^ejie, Hxo aHajior xeopcMBi o6 ycxpanennH HsojinpoBaHHOH ocoGchhocxh ^jih KOJinpcBBix 
(5-oxo6pa>KeHHH cnpaBe^jiHB xaKJKe na pHManoBBix MHorooGpasHHx npn npaKXHHecKH xex 
>Ke orpaHHHeHHHx na cJiyHKpHio Q, a ne xojibko b cbrjih^obom n-MepnoM npocxpancxBe. 
S^ecB xaKJKe ynacxByiox HCKoxopBie orpaHHHeHHH na caMH MHorooGpasHH, Koxopnie Gy^yx 
OrOBOpCHBI HHJKe. 

Bcio^y ^ajiee 

S'(xo, r) = {x E M"" I d{x, Xq) = r} , 

A{xo, ri, rs) = {x G M" | ri < d{x, Xq) < rs} , (20) 

d{A) — reo^esHHecKHH ^naMcxp MHOJKecxBa A C M"^. KpoMe xoro, Bcio^y ^ajiee rpaHHpa dD 
oOjiacxH D C H saMBiKaHHe D oOjiacxH D noHHMaioxcH b cmbicjic reo^esHHecKoro pac- 
cxoHHHH d. riepe^ xcm, KaK mbi npHcxynHM k H3Jio>KeHHio BcnoMoraxejiBHBix pesyjiBxaxoB h 
ocHOBHoii HacxH ^aHHoro paa^ejia, ^a^HM eipe o^ho BaacHoe onpe^ejicHHe (cm. [71 paa^eji 3, 
rji. II]). IlycxB D — oGjiacxB pHMaHOBoro MHorooGpasHH M”', n ^ 2, /: D — )■ M” — oxo6- 
pajKeHHe, j3: [a, b) —)■ M” — HCKoxopasi KpHBaH vl x E f~^ (/^(o)) • KpHBaH a\ [a, c) —)■ D, 
a < c ^ b, HasBiBaexcH MaKcuMUAhuuM nodnAmueM KpHBoil (3 npn oxoGpajKCHHH / c na- 
HajioM B xoHKe X, ecjiH (1) a{a) = x; (2) f o a = /S|[a,c); (3) ccjih c < c' ^ b, to hc 
cymecxByex kphboh a': [a, c') -E D, xaKoll hxo a = a'|[a,c) tl f o a = /9|[a,c')- Hmccx mccxo 
cjie^yiomee 

npefljio:a<;eHHe 1. IlycxB M" h M" — pHManoBBi MHorooGpasHH, n ^ 2, D — oOjiacxB 
B M”, f:D^ M” — oxKpBixoe ^HCKpexHoe oxo6pa>KeHHe, (3\ [a, b) —)■ M” — KpHBaa h 
xoHKa X E f~^ (/^(o)) • Tor^a KpHBaa (3 hmccx MaKCHMajiBHoc ho^hhxhc npn oxo6pa>KCHHH 
/ C HaHajIOM B XOHKC X. 

/JoKasameAhcmeo. 3a(|)HKCHpycM xoHKy xq E h paccMoxpHM /(xq) E M”. IIockojib- 
Ky xoHKa /(xo) npHHa^jicjKHx MHorooGpasHio M”, Hafl^^excH oKpccxHocxB V oxoh xohkh, 
rOMCOMOpcJiHaH MHOJKCCXBy 'Ipiy) El B CHJiy HCnpcpBIBHOCXH OXoOpaJKCHHH /, Hafi^eXCH 
OKpCCXHOCXB U XOHKH Xq, XaKaH HXO f{U) G V. C ^^pyXOH CXOpOHBI, HC OXpaHHHHBaH oO lTT HO- 
CXH, MOJKHO CHHXaXB, HXO U XOMCOMOpcJlHa OXKpBIXOMy MHOJKCCXBy (p{U) B M”. MoJKHO XaKJKC 
CHHXaXB, HXO (p{U) H 'lp{V) HBJIHIOXCH oOjiaCXHMH B XOX^a f* = 'll) o f O — OXKpBIXOC 
;];HCKpCXHOC OXo6pa>KCHHC MCJK^y oGjiaCXHMH (p{U) H ‘IpIV) B R”. /I,JIH XaKHX OXoGpaJKCHHH 
CymCCXBOBaHHC MaKCHMajIBHBIX HO^HHXHH JIOKajIBHO BBIXCKaCX H3 cooxBcxcxByroipcxo pc- 
ayjiBxaxa PHRMana b n-McpnoM cbkjih^obom npocxpancxBc (cm. [T] mar 2 ^oRaaaxcjiBcxBa 
XCOpCMBI 3.2 rjl. II]). Oxcio^a BBIXCRaCX JIORajIBHOC CyipCCXBOBaHHC MaRCHMajIBHBIX HOfl- 
HHXHH H Ha MHOrOoOpaaHHX. PjIoOajIBHOC CyipCCXBOBaHHC MaKCHMajIBHBIX HO^HHXHH MOJKCX 
Gbixb ycxaHOBjicHo anajiorHHHo ^oRaaaxcjiBcxBy mara 1 yKaaaHHofl BBimc xcopcMBi. □ 

IlyCXB A — OXKpBIXOC HO^MHOJKCCXBO MHOrOo6pa3HH M**, a C — KOMHaKXHOC HO^MHOJKC- 

cxBo A. KondeHcamopoM Oy^cM nasBiBaxB napy mhojkccxb E = {A, C). IlycxB p ^ 1, xorp,a 
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p-eMKocmhm KOH^eHcaxopa E Haat-iBaeTca cjie^yiomaa BejiHHHHa: 


cappE = Mp{Te), 


r o6o3HaHaeT ceMeficTBo Bcex kphbbix BH^a 7: [a, b) —)■ A, xaKHx hxo 7(a) G C* h I7I fl 
{A \ F) 0 npoH3BojiBHoro KOMnaxxa F <Z A. Cxohx oxmbxhxb, hxo b npocxpancxBe 
yKa 3 aHHoe onpe7,ejieHHe p-eMKocxH coBna7;aex c eMKocxBio, onpe7,ejieHHOH npn noMoipH 
xoHHofl HHJKHefi xpaHH HHxexpajioB ox rpa7;HeHxoB cJ^ynKpHil, cm. [3 npe7;jio>KeHHe 10.2 h 
3aMeHaHHe 10.8, rji. II]. 

CnpaBe7;jiHBo cjie7;yK)iri;ee yxBep>K7,eHHe (cm. [ 32 l npe7;jio>KeHHe 4 . 7 ]). 

IIpe^^jiojKeHHe 2. IlycxB X — Q-peryjiapnoe no AjiB(|)opcy MexpnnecKoe npocxpancxBo 
c McpoH, B KoxopoM BBinojiHHexcH (1; p)-HepaBeHCXBO IlyaHKape, p G [n — l,n], xax, nxo 
Q — 1 ^ n ^ Q. Tor 7 ,a npoH3BOJiBHBix KonxnnyyMOB E r F, co7,ep>Kan];HXC3 b mape 
B (xq , 7?), h HCKOxopoH nocxoHHHOH C > 0 BBinojinnexcn nepaBencxBO 


M,(T(E,F,X))^^- 


min{diam E, diam F} 

Rl+P-Q 


Hmccx mccxo cjie7;yion];ee yxBep>K7;eHHe. 

JleMMa 1. IlycxB n ^ 2, p ^ 1, D — odjiacxn b f: D \ {xq} —)■ M” — KOJinpcBoe 
[p, Q)-oxo6pa>KeHHe b xonxe Xq G D. npe 7 ;nojio>KHM, nxo HaH 7 ;excH £o > 0 n HBMepnMan no 
Jledery cJiynKpHn 'ip(t): (0,eo) ^ [0, C)o] co cjie7,yioni;HM cbohcxbom. /I,ji 3 jnoGoro £2 G (0,£o] 
naH7;exc5i ei G ( 0 , 62 ], xanoe nxo 

£2 

0 < I{e,e 2 ) := J 'ip{t)dt < 00 (21) 

£ 

npn Bcex £ G (0, £ 1 ) n, npoMC xoro, npn e —)• 0 

j Q{x) ■ijjP{d{x,Xo)) dv{x) = o{P{e,eo)) . ( 22 ) 

e<d(x,xo)<eo 

Ecjin r — ccMencxBO Bcex kphbbix : (0, 1) — ?■ H \ {xq} xbkhx, nxo ^(tk) Xq npn 
HCKoxopoH nocjie7,OBaxejiBHocxH 4 —)■ 0, 7(t) ^ Xq, xo Mp (/(F)) = 0. 

B nacxHocxH, ycjiOBne (|2T]) aBXOMaxnnecKn BBinojineno, kbk xojibko (JiynKi^nn G Lj^ci^y ^ 0 ) 
y7,OBjiexBop5iex ycjiOBHio: > 0 npn nonxn Bcex t G (0,£o)- 

/doKasameAhcmeo. Mojkho cnnxaxn, nxo map i?(xo,£o) Jicjkhx b nopMajiBHon OKpecxno- 
cxH xonKH Xq. SaMcxHM, nxo 

CXD 

r>ljr,, (23) 

i=l 

r7;e Fj — ceMcncxBO kphbbix ai(t): (0,1) —)• M" xannx, nxo «*(!) G S'(xo,rj)}, r7;e r, — 
HCKOxopan nocjie7;oBaxejiBHOcxB, xanan nxo Xj —>■ 0 npn i —>■ cxo n ai{tk) Xq npn k ^ 00 
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fljia Toii jKe caMoii nocjieflOBaTejibHocTH tk ^ 0 npn k ^ oo. SacJiHKCHpyeM i ^ 1. Ho 
COOTHOmeHHK) CD jieMML .1 Hafi^excH Si G (0,rj] xaKoe, hxo I{e,ri) > 0 npn Bcex e G (0,£i). 
SaMexHM, Hxo npn yKaaanHBix e > 0 (|)yHKn;HH 


r]{t) 


0 , teR\{e,ri) 


y^oBjiexBopaex ycjioBHio nopMHpoBKH BH^a (fT^ b KOJiBpe A{xo,e,ri) = {x G M"'| e < 
d{x,XQ) < Ti] H, CJie^OBaxejIBHO, BBH^y COOXHOmeHHH (1TT|) (nOCKOJIBKy / HBJIHeXCH KOJIBpe- 
BBiM (p, Q)-oxo6pa>KeHHeM b xonxe Xq) 


Mp(/(r(S'(xo,e:), S{xQ,ri), A{xo,e,ri)))) ^ 

^ j Q{x) ■r]P{d{x,Xo)) dv{x) (24) 

A{xo,s,ri) 

me di{£) = J Q{x)^jJP{d{x,xo))dv{x). 

e<d{x,xo)<eo 

ripHHHMaH BO BHHMaHHe (l22|) . HOJiyHHM, HXO —)■ 0 npH £ —)■ 0. SaMeXHM, HXO npH 

Ka>Kp;oM e G (0, Si) 

Ti > r (S'(xo,e:), S{xo,ri), A{xQ,e,ri)) . (25) 

TaKHM o6pa30M, npn Ka>Kp;oM cJiHKCHpoBaHHOM i = 1, 2, ... h3 (1241) h (125]) nojiynaeM, hxo 

Mp(/(r,)) ^ (?i(£) ^ 0 (26) 

ripH £ —)■ 0 H Ka>Kp;oM cJiHKCHpoBaHHOM i G M. Op;HaKo, jieBaH nacxB HepaBencxBa (1261) ne 
3aBHCHx ox e H, cjiep,oBaxejiBHo, Mp{f{Ti)) = 0. HaKonen,, h3 (123|) h cBoficxBa nojiyapyi,HXHB- 
HocxH p-Mopyjis ([7|) BBixeKaex, hxo Mp(/(r)) = 0. □ 

OcHOBHBiM xexHHHecKHM yxBep>Kp;eHHeM, no3BOJiHioiii;HM nojiynaxB pe3yjiBxaxBi o6 ycxpa- 
HHMBix oco6eHHocx5ix oxKpBixBix p;HCKpexHBix KOJiBpeBBix (p, Q)-oxo6pa>KeHHH B HanGojiee 
oGipen cHxyapHH, aBjiHexca cjiep;yK)iri;a5i jieMMa. 

JleMMa 2. riycxB n^2,n — l^p^n, M" — cb33ho, HBjiHexcH n-peryjiapHBiM no 
AjiBcJiopcy, KpoMe xoro, b M” BBinojineno (l;p)-HepaBeHcxBo HyanKape. IlycxB xanxce D — 
o6jiacxB B M"", Bji C M” — neKoxopBin (J^HKcnpoBaHHBin map pap;Hyca R, xanofi nxo Br — 
KOMnaKx B M”, /: D\{a:o} —>■ Br\K — oxKpwxoe p;HCKpexHoe KojinpeBoe (p, (5)-oxo6pa>Ke- 
nne b xonxe Xq G -D {K C Bji - neKoxopnin (JinKCHpoBannwH KonxnnyyM). npep;nojio>KHM, 
nxo cymecxByex Sq > 0 n HBMepnMan no JleGery cJiynKpHn : (0, Sq) [0; oo] co cjiep,yiom;HM 
cbohcxbom; p,ji3 jno6oro £2 G (0,£o] naHp,exc3 ei G ( 0 , 52 ], xaxoe nxo npn Bcex e G (0,e:i) 
BBinojineno cooxnomenne (1211) n, xpoMe xoro, npn £ —)■ 0 BBinojineno cooxnomenne (|22l) . 
Torp;a / HMeex nenpepninnoe npop,oji>KenHe f:D^ B^ (nenpepniBnocxB nonnMaexcn b 
CMB icjie reop;e3HnecKoro paccxonnnn d* b M”). 

/doKasameAhcmeo. Moncno cnnxaxn, nxo B{xQ,eQ) jiencnx b nopMajinnon OKpecxnocxn 
U xonKH Xf). B nacxnocxH, B{xo,So) — KOMnanx b U. npep;nojio>KHM npoxHBnoe, a HMen- 
no, nxo oxoGpancenne / ne Moncex 6bixb npop;oji>Keno no nenpepBiBnocxn b xonxy Xq. Ho- 
CKOJiBKy Bji — KOMnaKX, xo npep;ejiBnoe MnoncecxBO C{f,Xo) nenycxo. Torp;a naHp;yxc5i 





16 


;];Be nocjie^oBaTejiBHocTH Xj h npHHafljiejKamHe B{xo,eo) \ {xq} , Xj Xq, x^ —)• 
Xq, xaKHe, HTo [f{xj), /(xj)) ^ a > 0 Bcex j e N. He orpanHHHBaa oGipno- 
CTH paccyjK^eHHH, MOJKHO cHHTaxb, Hxo Xj H xj jiejKax BHyxpH mapa B{xo,eo). Hojiara- 
eM Tj = max |(i(xj, Xo), (i(xj,xo)}. SaMexHM, hxo npn ^ocxaxoHHo MajiBix rj MHOJKecxBo 
B{xo,rj) \ {xo} aBjiHexcH cbhshbim BBH^y onpe^ejieHHa pHManoBa MHorooGpaana M”. B xa- 
KOM cjiynae, coe^HHHM xohkh Xj h xj aaMKHyxoil kphboh, jicacaipeH b B{xo, tj) \ {xq} . O 6 o- 
snaHHM 3xy KpHByio chmbojiom Cj h paccMoxpHM KOH^encaxop Ej = (-B(xo, £o) \ {^^o} , Cj) • 
B cHJiy oxKptixocxH H HenpepbiBHocxH oxo 6 pa>KeHH 5 i /, napa f{Ej) xaxjKe aBjiaexcji koh- 
flencaxopoM. PaccMoxpHM ceMeilcxBa kphbbix B h B f{Ej), cooxBexcxByroipHe onpe^ejieHHio 
p-eMKocxH. HycxB T* — ceMeflcxBo Bcex MaKCHMajibHbix ho^^hhxhh ceMeflcxBa kphbbix B f(^Ej) 
npH oxoGpaxceHHH / c HanajioM b Cj, jiejKaipHx b B{xo, £o) \ {^^o} • SaMexHM, hxo B/ C B^;^.. 
HoCKOJIBKy B > /(r/), MBI HOJiyHHM: 

M, (r/(E,)) « M, (/(r-)) ^ A 4 (eTe,)) . (27) 

SaMexHM, Hxo ceMencxBo B e^ Moxcex 6 bixb paaGnxo na ^Ba no^ceMeHcxBa: 

Ti?,. = Bij.^ U Bg,^ , (28) 

r^e — ceMeficxBo Bcex kphbbix a{t)\ [a, c) —)• B{xo,eo) \ {xq} c naHajioM b Cj, xaKHx 
Hxo Hafl^excH tk G [a, c) : a{tk) Xq npn tk —)■ c — 0; Tej^ — ceMeflcxBO Bcex kph¬ 
bbix a{t): [a, c) —)■ -B(xo,£o) \ {a^o} c nanajiGM b Cj, xaKHx hxo Hafl^excH tk G [a, c) : 
dist (a(tfc), dB{xo, £ 0 )) 0 npn tk ^ c — 0. 

B cHjiy cooxHomeHHH (1271) h fl28|) . 


M, (r/(E_,,) < M,(f[TE,j) + M,(f(TEj) . (29) 


SaMexHM, HXO Mp(/(B e^-^)) = 0 BBH^y jieMMBiHJ KpoMe xoro, saMexHM, hxo npn ^ocxaxoHHo 
dojiBmnx m G N, Tej^ > T(S(xo,rj), S(xo,eo - ^),A(xo,rj,eo - ^)). PaccMoxpHM xenepB 
KOJIBPO Aj = {x G M"' I Tj < d{x, Xq) < £o ~ H CeMefiCXBO (JiyHKpHH 


Vjit) 


V^(t)//(r^-,£o - ^), t^{rj,eo-^), 

0, t eR\{rj, Eq- A), 


£ 0 —— 


£ 0 —— 


HMeeM: J rij{t)dt = ^ f 'il){t)dt = 1. Thkhm odpaaoM, no onpeflejieHHio kojib- 

r> . \ ^ m ) ^ . 

'3 '3 _ 

peBoro (p, Q)-oxo6pa>KeHH5i b xohkg xq h ycjioBHio (]2^ . mbi nojiynaeM, hxo 

1 f 


mMXe,)) « 




1 \P 


Q{x) 1 p^{d{x, Xq)) dv{x) , 


rj<d(x,xo)<eo 

oxKypa, nepexopH k npepejiy npn m —>■ 00 , nojiyHHM cooxHomenne 

1 r 


A 4 (/(r..)) < S{r,) - 


I{rj,£a)' 


Q{x) 1 p^{d{x, Xq)) dv{x). 


■j<d(x,xo)<£o 
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B cHJiy ycjioBHH fl22|) . S{rj) —)■ 0 npn j ^ oo. Tor^a BBH^y (|27|) nojiynaeM, hto 

0 , j —)• cx) . (30) 

C flpyrOH CTOpOHBI, paCCMOXpHM CeMeflCTBO KpHBBIX r f{^Ej) KOH^eHCaXOpa f{Ej) B xep- 

MHHax onpe^ejieHHa p-eMKocxH. SaMexHM, hxo no^ceMeficxBo HecnpaMjiaeMBix kphbbix ce- 
MeficxBa r f(^Ej) HMeex nyjieBOH Mo^yjiB, h hxo ocxaBineeca no^ceMeficxBo, cocxoinpee h3 Bcex 
cnpaMjiaeMBix kphbbix ceMeflcxBa F f{Ej), cocxohx h3 kphbbix [3: [a, h) —)■ f{D \ {xq}), HMeio- 
mHx npe^eji npn t ^ b (b^bcb ynxeno, hxo Br — KOMnaKx b M"). SaMexHM, hxo yKa3aHHBiH 
npe^eji npHHafljiexcHx MHoxcecxBy df{A), r^e A := B{xo, £o) \{3^o} • H 3 cKa3aHHoro cjie^yex, 

HXO 

M,(r^(^p) = M,(r(/(C',), df{A), f{A))) . (31) 

IlocKOJiBKy MHoroo6pa3He M" cbhbho, ceMencxBo kphbbix r{K, f{Cj),M.'^) nenycxo. Kpo- 
Me xoro, BBH^y |33l xeopeMa 1, §46, n. I] npoH 3 BOJiBHaH KpHBaa 7 , coe 7 ;HHHioiii;aH K h 
f{Cj) B M”, HMeex no 7 ,KpHByio, coe 7 ,HHHioiii;yio df{A) h f{Cj) b f{A). Hhbimh cjioBaMH, 
T{KJ{C,),M:) > Tidf{A)J{C,)JiA)). 

BBH 7 ;y npe7,Jio>KeHH5i [2] h xoro, hxo <7* (/(xj), /(xj)) ^ a > 0 7;ji5i Bcex j G N BBH 7 ;y 
npe 7 ,nojio>KeHHH, mbi nojiyHHM: 


M,{T{f{Cj),df{A)J{A)))^M,{T{f{C,),df{A),M:)) ^ 

1 min{diam/(Cj), diam 77} 


^M,(r(/(C,),i7,M:))^ 


c 


fll+p-r 


^6>0. (32) 


07,HaKo, HepaBeHcxBa fl3T]) h (13^ npoxHBopenax (130|) . IIojiyHeHHoe npoxHBopeHHe onpoBep- 
raex npe7;nojio>KeHHe, hxo / ne HMeex npe7;ejia npn x —)■ xq b M”. □ 


2.1 


/JoKasameAhcmeo meopeMu [T] cbo7;hxch k yxBepjK 7 ;eHHio jibmmbi |2l BniGepeM b oxoh jieMMe 
0 < '^(t) = - - ^ ,p . Ha ocHOBaHHH |22l npe 7 ;jio>KeHHe 3] 7 ;jih yKa 3 aHHOH cJiyHKpHH 6 y 7 ;eM 

[t log}) 

HMeXB, HXO 


Q{x) dv{x) 


/ (5(x) • i/;^((i(x,xo)) (ix(x) = / - 

e<d{x,xo)<eo e<d{x,xo)<eo d{x,xo) 


= O ^loglog^j 

npn £ ^ 0. SaMexHM xaKHce, hxo npn yKa3aHHBix BBime £ BBinojiHeno 'ipit) ^ / 1 , nosxoMy 

t log ^ 

I( 8 , 80 ) := f ip{t) dt ^ log ■ Tor 7 ;a cooxHomeHHe (12^ BBinojiHeno npn p = 1. TaKHM 
£ £0 

o6pa30M, Bce ycjioBHH jiommbi |2] BBinojinenBi h, 3HaHHx, Heo6xo7;HMoe 3aKjiioHeHHe BBixexaex 
H3 3XOH JieMMBI. □ 


TeopeMa 4. HycxB n ^ 2, p G [n — l,n], M" — cbh3ho, HBjinexcH n-peryjiapHBiM 
HO AjiB(})opcy, KpoMe xoro, b M" BBinojiHeno (l;p)-HepaBeHcxBo HyaHKape. HycxB xaKxce 








D — o6jiacTb B M", C M” — HeKoxopbifi (jDHKcnpoBaHHbiH map pa^nyca R, xaKOH hxo 
Br — KOMnaKX B M”, K C - neKoxopBiH KOHXHHyyM, /: D\{xo} — )■ Br\K — oxKpBixoe 
flHCKpexHoe KOJiBpeBoe (p, Q)-oxo6pa>KeHHe b xonxe xq G D. Ecjih npn neKoxopoM 6{xo) > 0 

S(xo) 

H Bcex p,ocxaxoHHo MajiBix e > 0 BBinojiHeno J - < oo, xpoMe xoro, 

e rP^ql^ir) 


S{xo) 


dr 


rp-^qxo I 


= oo 


(33) 


rp;e qxoir) '■= f Q(x)dA, xo / HMeex nenpepBiBHoe npop,oji>KeHHe f:D^ Br 

S{xo,r) 

(nenpepBiBHocxB noHHMaexcH b cmbicjib reop;e3HHecKoro paccxoHHHa d* b M”). 

/doKasameAhcmeo. /JocxaxoHHo noKaaaxB, hxo ycjioBne fl3^ Bjienex BBinojiHenne ycjio- 
BHH fl22p JieMMBI [U MoJKHO CHHXaXB, HXO B{XqA{Xq)) JieJKHX B HOpMajIBHOH OKpeCXHOCXH 
XOHKH Xq. PaCCMOXpHM (|)yHKIl,HIO 


'll) it) 


/ r 


qxo ' {t)] 
0 


t G (ri,r2) , 
t ^ (ri,r2) . 


(34) 


SaMexHM xenepb, hxo xpeGoBanne BHp;a fl2T|) BBinojiHHexcH npn Eq = 6{xq) h Bcex p;ocxaxoHHo 
MajiBix £. ^ajiee ycxanoBHM HepaBencxBo 

S{xo) 

f Q{x)'ll>^{d{x, Xq)) dv{x) ^ C ■ [ --;- (35) 

e<d(x,xo)<S(xo) e Qxq (t) 


npH HeKoxopoil nocxoHHHOH C > 0. /Jjia 3xoro noKaxceM, hxo k jibboh nacxH cooxHome- 
HH5I (l35|) npHMeHHM anajior xeopeMBi OyGnHH. PaccMoxpHM b oKpecxHocxH xohkh xq G 
S{zQ,r) C M"" jioKajiBHyio cncxeMy Koopp;HHax z^,... ,z"', n — 1 GaancHBix BexxopoB koxo- 
poii BsaHMHo opxoronajiBHBi h jiexcax b hjicckocxh, KacaxejiBHoil k ccjiepe b xonxe xq, a 
nocjiep;HHH GasHCHBifi Bexxop nepneHp;HKyji5ipeH 3 xoh hjicckocxh. IlycxB r, 0^,..., 0”'“^ ccjie- 
pHHecKHe Koopp;HHaxBi xoHKH X = x{9) B M”. SaMexHM, Hxo n — 1 npHpaipeHHH nepeMenHBix 
, z^~^ Bp,ojiB c(|)epBi npH 4)HKCHpoBaHHOM T paBHBi dz^ = rdO ^,..., dz"'~^ = rd6^~^, a 
npHpaipeHHe nepeMeHHoii no r paano dz” = dr. B xanoM cjiynae, 

dv{x) = -Y/det gij{x)r'^~^ drdO^... d6'^~^. 

PaccMoxpHM napaMexpnsapnio ccJiepBi S'(0,r) x = x{9), 9 = (9^,..., 9'^~^), 9i G (—vr, tt]. 
SaMexHM, nxo = 1 npn a = (3 vl = 0 npn a 7 ^ /3, a, [3 = 1,... ,n — 1. Tor 7 i;a b 
oGoananennax cooxHomennn (flT)) HMeeM: ga^{9) = gaid{x{9))r‘^, 

dA = y^det gai3{x{9))r'^~^d9^... d9'^~^. 


SaMexHM, nxo 


1 
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= J Q{x)'ip^{d{x,XQ)) dA ='ip'^{r)r"‘ J ^ det ga/3{x{9))Q{x{9)) dO^... dO"^ (36) 

S(xo,r) n 

r^e n = (—vr, 7 r]”'“^ — npjiMoyrojibHaa o 6 jiacTb HSMeHeHna napaMexpoB 6^,..., 9^~^. HanoM- 
HHM, HTo B HopMajiBHOH cHcxeMe Koop^^HHax reo^esHHecKHe ccJiepBi nepexo^ax b oGBiHHBie 
ccJiepBi xoro >Ke pa^nyca c penxpoM b nyjie, a nynoK reo^esHHecKHx, Hcxo^aipHx h3 xoh- 
KH MHorooGpasHH, nepexo;];Hx b nynoK pa^najiBHBix oxpesKOB b M” (cm. [261 jicmmbi 5.9 h 
6.11]), xaK Hxo KOJiBpy {x G M” : £ < d{x,Xo) < 5(xo)} cooxBexcxByex xa nacxB b koxo- 
poii r G (e,(5(xo)). Corjiacno cKasanHOMy BBime, npaMenaji b (136|) KjiaccHHecKyio xeopcMy 
OyGnHH (cm., nanp., [3H paa^. 8 . 1 , rji. Ill]), mbi nojiy^HM hxo 


Q{x)'ip^{d{x,Xo)) dv{x) = 


e<d{x,xo)<S{xo) 


5{xo) 



^det gij{x)Q{x)ijj^{r)r'^ ^ d6^... d9^ ^dr. (37) 


£ n 

riocKOJiBKy B HopMajiBHBix Koop^HHaxax xcHsopnaH Maxpnpa gij ckojib yro^no 6jiH3Ka k 
e^HHHHHOH B OKpeCXHOCXH flaHHOH XOHKH, XO 


Cadet fi'„/ 3 (x) ^ det gij{x) ^ Ci det g^pix). 


yHHXBiBaa cKaaaHHoe h cpaBHHBaa (136|) h (l37|) . npnxo^^HM k cooxHomenHio (l35|) . Ho xor^a 
xaKJKe 

J Q{x)'4)'"{d{x,xo))dv{x) = o{P{e,5{xQ))) 

e<d(x,xo)<S(xa) 

BBH^y cooxHomeHHH (l33ll . YxBepjK^eHHe xeopeMBi cjie^yex xenepB h 3 jieMMBiO □ 

SaMenaHHe 1. B xo^e ^oKaaaxejiBcxBa xeopeMBi [3] mbi ^oKaaajiH cjie^yroipHH anajior 
xeopeMBi OydHHH na pHManoBBix MHoroodpaanax: cyipecxByex nopMajiBnaa oKpecxHocxB If 
xoHKH xo G H nocxoHHHBie Cl, Ca > 0, xaKHe hxo ^jia jiioGbix ei,£a, yflOBjiexBopjiiomHx 
orpaHHHeHHHM 0 ^ Si < £a < dist {xo,dU), BBinojinenBi cjie^yiomHe HepaBencxBa: 


Cl- 


£2 


Q{x)dv{x) ^ 


Q{x)dAdr ^ Ca • 


Q{x)dv{x). 


ei<d{x,xo)<e2 


£1 S{xo,r) 


ei<d{x,xo)<£2 


Bojiee xoro, h3 xeopeMBi OydnHH, npHMeHeHHofl k odBinnoMy npocxpancxBy R"', BBixexa- 
ex, Hxo 4)yHKii;H3 -^/det gij{x) Q{x) naMepHMa oxHocnxejiBHo MepBi niioipa^n dA fljia noHxn 
Bcex eBKjiH^oBBix ccjiep S'(xo, r) (cm., nanp., pH xeopeMa 8.1, rji. III]). O^naKo, xor^a (Jiynx- 
pHH Q{x) xaKJKe H3MepnMa Ha hohxh Bcex ccjiepax S'(xo,r), nocKOJiBKy, Kax noxaaBiBaiox 
npHBe^eHHBie BBime paccyjK^eHHH, naMepHMocxB cJiyHKpHH Q na oxhx ccjiepax sKBHBajienx- 
Ha H3MepHMocxH (JiyHKpHH -^/dct 5 'q-^(x) Q{x) Ha eBKjiHflOBBix ccjiepax S'(xo,r). C ;i;pyroH 

CXOpOHBI, 

y^det ga/dix) Q{x) = ^gl^{x) ' 9ais{x) Q(x) = Gi(x) ■ Ga(x), 
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r^e Gi(x) := ^ G 2 (x) := J det giAx) Qix) — H 3 MepHMt,ie cJiyHKpHH OTHOCHTejibHO 

■^detgij{x) 

Mept .1 n.TTOTTTa. 7 T M dA flJiH noHTH Bcex r. Cjie^OBaTejibHO, Q{x) HSMepHMa na noHTH Bcex 
c(|)epax S{xQ,r) xax npoHSBe^eHHe ^Byx nsMepHMBix (JiyHKpHH. 


Cjie^yiomee yxBepjK^eHHe npeflocxaBjiHex nojiesHoe ycjioBHe na cJiyHKpHio Q, npn koxo- 
poM B cjiynae n — 1 ^ p ^ n cnpaBe^jiHBBi ocnoBHBie peayjiBxaxBi Hacxojimero paa^ejia. 

TeopeMa 5. IlycxB n ^ 2, p E {n — l,n), M” — cbhsho, aBjiaexcH n-peryjiapHBiM no 
AjiBcjDopcy, KpoMe xoro, b BBinojineno (l;p)-HepaBeHcxBo HyanKape. Ilycxb xannce D — 
oOjiacxB B M”, Bji C M" — neKoxopBin (J^HKcnpoBaHHBin map pa^nyca R, xanon nxo Br — 
KOMnaKX B M”, K C M” - neKoxopBin KonxnnyyM, f: D \ {xq} —)■ Br \K — oxKpwxoe ahc- 
KpexHoe KOJiBpeBoe (p, (5)-oxo6pa>KeHHe b xonxe xq E D. Ecjih Q E npn nenoxopoM 

s ^ xo / HMeex nenpepniBHoe npop;oji>KeHHe f:D^ Bpi fnenpepBiBHocxB noHHMaexcn 
B cMBicjie reop;e 3 HnecKoro paccxonnnn c?* b M”). 


/JoKasameAhcmeo. 3a(|)HKCHpyeM npoH3BOJiBHBiM o6pa30M 0 < £o < 0 O 5 Tax, nxoGbi map 

G := B{xo,eo) jiejKaji BMecxe co cbohm BaMBiKanneM b neKoxopon nopMajiBHon oKpecxno- 

cxH xonKH Xo, H nojiojKHM := 1/t. SaMexHM, nxo yKaBannan cJiyHKpHH ijj yp,OBjiexBop5iex 

£0 

nepaBencxBaM 0 < I{e,eo) := f 'ip{t)dt < 00 . HoKanceM xannce, nxo b sxom cjiynae bbihoji- 

£ 

HeHo cooTHomeHHe 


J Q{x) ■ iljP{d{x,xo)) dv{x) = o{P{e,eo)) 

A{xo,e,so) 

IlpHMeHim nepaBencxBo rejiBp;epa, 6yp;eM hmoxb 

f Q{x) 


e<d{x,xo)<£o 


dP{x, Xo) 


dv{x) ^ 


/ 






dv{x) 


Q^'(x) dv{x) 


/ 


(38) 


(39) 


J dP^{x,xo) 

\^<d{x,xo)<£o 

rp;e 1/q + 1/q' = 1. SaMexHM, nxo nepBwn nnxerpaji b npaBofl nacxn nepaBencxBa (l3^ c 
xonnocxBK) p;o neKoxopon nocxonnHon mojkox Gbixb nop;cnHxaH Henocpep,cxBeHHO. /I,eHCXBH- 
xejiBHO, nycxB p;jm nanajia q' = (n, cjiep,OBaxejiBHO, q = P) BBHp;y anajiora xeopeMW 

OyGnHH (cm. BaMenanne [T]) 6yp;eM hmoxb: 


£0 


dP‘^{x, Xo) 


dv{x) ^ G 


dt ^ , ^0 

— = C • log — 
t e 


£<d(x,Xo)<£0 

B o6o3HaneHHnx jicmmbi [T] mbi 6 yp,eM hmcxb, nxo npn £ —)■ 0 


lP{e,eo) 


£<d{x,Xo)<£0 




eo\-P+i 


—)■ 0 , 
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HTo BjieHex BBinojiHeHHe cooTHomeHHH fl38|) . 




e<d{x,xo)<eo 


e 


0 



H, 3HaHHT, 


lP{e,eo) 


1 


e<d{x,xo)<eo 


/ 



log — 

£ 


£o\-P 


HTo xaKJKe Bjienex BBinojiHenne cooxHomeHna fl38|) . SaMexHM, hxo o6a cooxHomeHna CD- 
(122|) BBinojiHHioxcji, xaK hxo acejiannoe saKjiioHeHHe BBixexaex h 3 jieMMBi [2l □ 

3 FpaHHHHoe noBe^eHne KOjibij,eBbix OTo6pa:aceHHH otho- 
CHTejibHO p-MO^yjia 

B pa6oxe P. Hjikkh [5] ccJiopMyjiHpoBaH h flOKa3aH pa^ yxBepjK^eHHii o npo^ojiJKeHHH KBa3H- 
KOHcJiopMHBix oxo6pa>KeHHH Ha rpaHHpBi oGjiacxefl. HecKOJiBKo no3flHee oxox pe3yjiBxax 6biji 
nepeneceH M. ByopHnenoM na oxo6pa>KeHH5i c orpaHHHeHHBiM HCKaHcenneM (cm. xeopcMy 4.2 
H cjie^cxBHe 4.3 B na ; CM. xaKJKc [9l xeopcMa 4.2]). TaKHce oxh pe3yjiBxaxBi Gbijih o6o6n];eHBi 
Ha oxo6pa>KeHHH c HcorpaHHHeHHOH xapaKxepncxHKOH - KOJinpcBBie Q-oxo6pa>KeHHH, cm. j3] 
H [20]. B HacxHocxH, cjie^yiomaH jicMMa flOKa3BiBajiacB B.H. PaBanoBBiM h P.P. CajiHMOBBiM 
(cm. j3l rjiana 13]) ^jih cjiynaa roMeoMop4)H3MOB b McxpHnecKHx npocxpancxBax, h npe^- 
cxaBjiHcx co6oh ochobhoh pe3yjiBxax Hacxoamero paB^ejia b nanGojice o6n];eH cHxyapHH. 

JleMMa 3. IlycxB p ^ 1, n ^ 2, D - KOMnaKx b D - KOMnaKx b M”, D — o6jiacxB b 
M”, f : D ^ M" - oxKpBixoe ^HCKpexHoe KOJinpcBoe {p, (5)-oxo6pa>KeHHe b xohkc b G dD, 
f{D) = D’, D' - KOMHaKx B M”, oGjiacxn D jioKajiBHo cBH3Ha b xohkc b, C{f,dD) C 
dD' H o6jiacxB D' hbjihcxch p-chjibho ^ocxhjkhmoh xoxh 6bi b o^hoh xohkc y G C{f,b). 

ripCflnOJIOJKHM, HXO Hafi^eXCH £o > 0 H HCKOXOpaH HOJIOJKHXCJIBHan H3MCpHMaH (JiyHKpHH 

'0(t), -0 : (0,£o) —^ (0, C)o), xaKaa hxo ^jih bccx e G (0,£o) 



(40) 


e 


H npH e ^ 0 


Q{x) ■ 'ipp^d^x, xq)) dv{x) = o{IP{e, Eq)) , 


(41) 


A{b,e,eo) 
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r^e A := A(b,e,eo) onpe^ejieHo b fl20l) . Tor^a C{f,b) = {y}. 

/foKasameAhcmeo. ripe^nojiojKHM npoxHBHoe. IIocKOjiBKy D' - KOMnaKX b M”, nafi^yx- 
CH, no Kpannen Mepe, ^Be nocjie^oBaxejiBHocxn Xi, x- ^ D, i = 1,2, ..., xanne, nxo Xi —)■ b, 
x' — b npn i —)■ cx), f{xi) —)■ y, f{xD —)• y' npn i ^ oo ny' ^ y. Oxmoxhm, nxo y ny' ^ dD', 
nocKOjiBKy no ycjiOBHio C{f, dD) C dD'. Ho onpe^enennio p-cnjinno ^ocxhjkhmoh rpannpBi 
B xonne y G dD', jnoGon OKpecxnocxn U oxon xonnn nan^yxcn KOMnanx CJ C D', 
OKpecxnocxB V xonnn y, V (Z U, n nncjio 5 > 0 xanne, nxo 

Mp{T{C^,F,D'))>S>0 (42) 

fljin npoH3BOJiBnoro KonxnnyyMa F, nepeceKaion^ero dU n dV. B cnjiy npe^nojioJKennn 
C{f,dD) C dD', HMeeM, nxo ^jin Co := /"^(C'o) BBinojineno ycjioBne Co H dD = 0. 
Tor^a, ne orpannnnBan o6n];nocxH paccyjK^ennH, Moncno cnnxaxB, nxo Co fl B{b,eo) = 0. 
riocKOJiBKy oGjiacxB D nonajinno CBnana b xonne b, mojkbo coe^nnnxB xonnn Xi n x- KpnBon 
7i, jie>Kan];eH b B{b, 2“*) n D. IIocKOJiBKy f{xi) G n f{x') E D\U npn Bcex 7,ocxaxonno 
Gojinninx z G N, naH7;excH noMep Zq ^ xanon, nxo corjiacno (I42|) 

M,{TiC^,fi^,),D'))>5>0 (43) 

npn Bcex z > zq G N. OGoanannM nepes F, ceMencxBo Bcex nojiyoxKpnixnix kphbbix : 
[a,b) -E- M” xaKHX, nxo /3j(a) G /(7j), (3i(t) G D' npn Bcex t G [a,b) n, npoMe xoro, 
Bi := lini (3i{t) G CA OneBH 7 ;no, nxo 

t^b—O 

M,{T,) = M,iTiC',f{^i),D')) . (44) 

ripn Ka>K7;oM (JzHKcnpoBannoM z G N, z > Zq, paccMoxpnM ceMencxBO F' MaKCHMajiBnwx 
no7;nnxHH aj(t) : [a, c) -E- D ceMencxBa Fj c nananoM bo MnoncecxBe 7j. Tanoe ceMencxBo 
cyni;ecxByex n onpe7,ejieno Koppexxno BBH7;y npe7;jio>KenHH [H SaMexHM, npe>K7;e Bcero, nxo 
nnKaxan KpnBan ai{t) G F/, 7* : [a, c) — ?■ D, ne Moncex cxpeMHXBcn k rpannpe o6jiacxH D 
npn t ^ c — 0 BBH7;y ycjiOBnn C{f,dD) C dD'. Tor7;a C{ai{t),c) C D. SamexHM xannce, 
nxo C{ai{t),c) 7^ 0, nocKOJinny MnoncecxBO D KOMnanxno no npe7;nojio>KenHio jieMMW. 
F[pe7;nojio>KHM xenept, nxo KpnBan ai{t) ne nmeex npe7,ejia npn t —)■ c — 0. FIoKaaceM, 
nxo npe7,ejiBnoe MnoncecxBO C{ai{t),c) ecxB KonxnnyyM b D. ^encxBHxejinno, no ycjiOBHio 
Kanxopa b KOMnanxe a, cm. [3^ § 41(1), rji. 4, c. 8-9], 

00 

G = [| a ([tfc, c)) = limsup a ([4, c)) = liminf a ([tfc, c)) 7^ 0 

k^oo 

B BH7i;y MonoxonnocxH nocjie7;oBaxejiBnocxH CBnannix MnoncecxB a{[tk, c)) n, xaKHM o6pa30M, 
G nBjinexcH CB33nBiM nan nepecenenne cnexnoro nncjia yGniBaion^nx KonxnnyyMOB a{[tk, c)) 
no [33l xeopeMa 5, §47(11)]. 

TaKHM o6pa30M, C{ai{t),c) - KonxnnyyM b D. Tor7i;a b cnjiy nenpepBiBnocxn oxo6pa- 
jKennn /, nojiynaeM, nxo / = const na C{ai{t),c), nxo npoxHBopennx npe7;nojio>KenHio o 
7;HCKpexnocxH /. 
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Cjie^oBaTejibHo, 3 lim ai{t) = Ai E D. Otmcthm, hto, b stom cjiynae, no onpe^enenHio 

t^c-O 

MaKCHMajiBHoro no^H3TH5i, c = b. Tor^a, c o^non CToponw, lim ai{t) := Ai, a c ^pyron, b 

t^b-O 

CHjiy nenpepBiBHocTH oToGpajKennn f b D, 


f{Ai) = lim f{ai{t)) = lim l3i{t) = Bi E Cj. 

t^b—O t^b—0 

Oxciofla, no onpe^enennio Cq, cne^yex, nxo Ai G Cq. HorpyanM KOMnanx Cq b neKoxopwn 
KonxnnyyM Ci, Bce eni;e nojinocxBio nencan^nn b oGjiacxn D, cm. jieMMy 1 b E21- 3a cnex 
yMenBmennn Eq > 0, Moncno cnoBa cnnxaxB, nxo Ci ni?(6, £o) = SaMexHM, nxo cJiynKpHn 


^ J \eo), tE{2 \eo), 

I 0, t G M \ (2 *, £o), 


eo 

r^e I{e,eo) := f y^oBjiexBopnex ycjiOBHio nopMnpoBKn Bn^a flT2|) npn ri := 2~\ 

€ 

^2 ■= £o, nooxoMy, b cnjiy onpe^ejiennn KOJinpcBoro {p, Q)-oxo6pa>KenH3 b rpannnnon xonne, 
a xaKJKe BBn^y ycjiOBnn iOD-dil]), 


M,(/(r'))<A(^), (45) 

r^e A(i) -E- 0 npn i —>■ oo. O^nano, Fj = /(F/), nooxoMy h3 (1451) nojiynnM, nxo npn i ^ oo 

M,(F,) = M,(/(F'))<A(^)^0. (46) 

O^naKO, cooxnomenne (1461) bmccxc c paBencxBOM (1441) npoxHBopenax nepaaencxBy (1431) . nxo 
H flOKasBiBaex jieMMy. □ 

3.1 

/donasame/ihcmeo meopcAtw [2] BwxcKaex h 3 jieMMwOna ocnoBannn paccync^ennii no noBo^y 
BBiGopa 4)ynKn,HH /, H 3 Jio>KennBix b npe^Bi^ymcM paB^ejie npn ^0Ka3axejiBcxBe xeopeM[T]H 

H □ 

Cjie/i,CTBHe 1. SaKjnonenne xeopcMBi hmccx mccxo, ecjin b ycjioBnnx sxoll xeopcMBi, 
BMecxo npe^nojiojKennn na (|)ynKn,Hio Q, noxpe6oBaxB, nxoGw Q G npn nexoxopoM 

5 ^ r^e n - 1 7 ^ p 7 ^ n. 

//onasameAhcmeo cjiep,cxBH5i [1] npoBop,HXC5i anajiornnno 7i;oKa3axejiBCXBy xeopeMBi[5l □ 


4 yCTpaHGHHe H30JIHp0BaHHbIX OCoSeHHOCTeH KJiaCCOB OpjIHHa 
CoSojiGBa 

B nacxonnieM pa3p;ejie mbi noKanccM bobmojkbocxb ycxpanennn HBOJinpoBannon oco6enno- 
cxH oxoGpajKcnnn Kjiacca Opjinna-CoGojieBa Me>K 7 i,y pnManoBBiMn Mnoroo6pa3H5iMH npn 
cjiep;yion];HX ycjiOBnnx; 
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1) oTo6pa>KeHHe / otkpmto h ^HCKpexHo; 

2) oTo6pa>KeHHe / coxpaHHex rpaHnpy (oGpaa rpaHHpbi npn oxo6pa>KeHHH ne ^ojiacen 
jieJKaxb BHyxpH cooxBexcxByiomeH oGjibcxh); 

3) oxo6pa>KeHHa3 npn / o6jiacxB orpaHKHena; 

4) npe^ejiBHBie MHOJKecxBa na rpanHpe o6jiacxH h b ^aHHofi HsojinpoBaHHon ocoGennocxH 
He nepeceKaioxcH. 

B cjiynae npocxpancxBa M"", Kor^a sa^aHHoe oxo6pa>KeHHe / HBjiHexcH roMeoMop4)H3MOM, 
flaHHaa aa^ana Ghijia nojiojKHxejiBHo pemena b bh^b KOMGnHapHH ^Byx peayjiBxaxoB: m 
xeopeMa 5] h [3l xeopeMa 9.3]. Cxohx oxMexHXB, hxo npoHSBOJiBHBie roMeoMop(|)H3MBi y^o- 
BjiexBopHiox xpe6oBaHHHM coxpaHeHHH rpaHHpBi, flHCKpexHocxH H oxKpBixocxH, a xaKJKe yxa- 
aaHHOMy orpaHHHeHHio na npe^ejiBHBie MHOJKecxBa. JlexKo xaKxce yxaaaxB npHMepBi nero- 
MeOMOpcJiHBIX COXpaHHIOHtHX XpaHHpy OXKpBIXBIX flHCKpeXHBIX OXo6pa>KeHHH, flJIH KOXOpBIX 
C{f,xo)r]C{f, dD) = 0. B KanecxBe npHMepa paccMoxpHM npocxpancxBo M”, b KoxopoM aa- 
^a^HM xaK HaaBiBaeMoe «3aKpyHHBaHHe BOKpyr och»: b pnjiHH^^pHHecKHx Koop;];HHaxax pac- 
CMoxpHM oxo6pa>KeHHe BH^a fm{x) = (r cos m(p, r sin m(p, X 3 ,..., x„), x = (xi,..., Xn) G B”, 
r = \z\, ip = aigz, z = Xi-\- ix 2 , m G N. (S^ecB xq = 0). He jihhihhm 6y^ex oxMexHXB, hxo 
B npoH3BojiBHOH MeHBHieH o6jiacxH yKaaaHHoe oxo6pa>KeHHe fm npn neKoxopoM m ynce ne 
aaMKHyxo. ^pyroii npocxofi npHMep HeroMeoMop(|)Horo coxpaHHiomero rpanapy oxKpnixoro 
flHCKpexHoro oxo6pa>KeHHH, ^jih Koxoporo orpaHKHenne C{f, Xq) n C(/, dD) = 0 bbihojihh- 
excH, MOJKex 6 bixb ^an b bh^o f{z) = z^, z C C, r^e Xq := 0. 

^OKaaaxejiBcxBo ochobhoxo peayjiBxaxa cxaxBH onHpaexcn na HeKoxopBiil annapax, cyxB 
Koxoporo H3JiaraexcH HHJKe (cm., nanp., m)- HanoMHHM HCKoxopBie onpe^ejieHHH, cBssan- 
HBie c noHHXHCM noBepxHocxH, HHxerpajia no noBepxHocxH, a xannce Mo^ynefi ceMeflcxB Kpn- 
BBix H noBepxHocxefi. 

4.1 

flajiBHenmero H3Jio>KeHHH Maxepnajia hohhxhh njioma^H noBepxHocxn h noBepxHocxHo- 
ro HHxerpajia xpe6yexcH hcckojibko pacniHpHxn, ne orpanHHHBaHCB HCKjiioHHxejiBHo rjia^- 

KHMH H O^HOJIHCXHBIMH HOBCpXHOCXHMH. HyCXB flajICC U — OXKpBIXOC MHOJKCCXBO B HJIH 

Gojiee oGmo — fc-Mepnoe MHoroo6pa3He, r^e k = — 1. Tor^a k-Mepnou noeepx- 

Hocmhw S Ha pHManoBOM MHoroo6pa3HH (M”, g) HaawBaexcH npoH3BojiBHoe HenpepniBHoe 
oxoGpajKeHHe S : u ^ M"’. HoBepxHocxn b M” paaMepnocxH k = n — 1 npHHHxo HaaniBaxH 
zunepnoeepxHocrriHMu. (pyunnueu KpamHocmu N{S, y) noBepxHocxH S HaBBiBaexcn hhcjio 
npoo6pa30B y G M”. /IpyrHMH cjioBaMH, chmboji N{S,y) o6o3HaHaex KpaxHocxn HaKpwxHH 
XOHKH y HOBepXHOCXBIO S. Xopomo H3BeCXHO, HXO 4)yHKH,HH KpaXHOCXH HBJIHeXCa HOJiyne- 
npepniBHOH cHH3y, x.e., ^jih Kanc^oH nocjie^oBaxejiBHocxH y^ G M”, m = 1,2,..., xaKoil 
HXO ym ^ y ^ M” npH m —)■ 00 , BBinojiHHexcH ycjioBHe N{S,y) ^ liminf N{S,ym), cm., 

m—>-oo 

Hanp., [28l c. 160]. Oxcio^a cjie^yex, hxo cJiyHKpHH N{S,y) HBjiHexcn hbmcphmoh ho Bopejiio 
H, cjie^oBaxejiBHo, hbmcphmoh oxhochxcjibho nponaBOJiBHOH xayc^opcJiOBOH Mepw T-L^, cm., 
Hanp., [Ml xeopeMy II (7.6)]. S^ecn xayc^opcJiOBBi Mepni cooxBexcxnyiox reo^eaHnecKOMy 
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paccTOHHHio Ha pHMaHOBOM MHoroo6pa3HH M”. 

B HacTOHmeM paa^ejie k = 1,... ,n oGosHanaeT k-MepHym Mepy Xaycdop^a na pn- 
MaHOBOM MHoroo6pa3HH (M”,5f) oTHocHTejiBHo reofle3HHecKoro paccxoHHHH d. ToHHee, ecjin 
A — MHOJKeCTBO B M"', TO 

n'^iA) ■= sup n’^^iA) , 

£>0 

cx> 

'H’^(A) := inf (diamAj)^ , 

i=l 

r^e HHcJiHMyM Gepexcu no bcom hokpbixhhm A MHonceoxBaMH Ai c diamAj < e. Otmothm, 
Hxo HBjiHexcH eHeiuHeu Mepou e cmucac Kapameodopu, cm. [34]. 

HanoMHHM, HXO k-MepHou xaycdop(f)060u nAovnadhto dopejicBCKoro MHOJKecxBa B b M”' 
(jih6o npocxo nAO'ipad'b'K) B npn k = n — 1), accopunpoBaHHOH c noBepxHocxnio S: u ^ M", 
Ha3BIBaeM BCJIHHHHy 

AsiB) = AUB) := j N{S,y)dn'^y, 

B 

CM., Hanp., [3^ pa3fl. 3.2.1]. IIoBepxHocxB S Ha3BiBaexcH cnpAMAneMou {KeadpupyeMou), 
ecjiH < oo, CM., Hanp., |2l pa3fl. 9.2]. CooxBexcxBCHHo, ^jih dopejicBCKoil cjDyHKpHH 

p: M" —>■ [0, cxd] ee unmedpaA nad noeepxHocmhK) S onpe^ejiaeM paBCHcxBOM 

f pdA := j p{y) N{S,y) d'H’^y . 

S M" 


4.2 

IlyCTB n ^ 2, H r — CCMCHCTBO fc-MepHBIX HOBCpXHOCXeH S. BopejICBCKyiO 4)yHKH,HIO p\ —)■ 

M+ dy^cM Ha3BiBaxB donycmuMou ceMeiicxBa B, coup, p G adraB, ccjih 

j p^dA^l ( 47 ) 

s 

flJIH KaJK^OH HOBCpXHOCXH S' G B. Ba^aHHOXO HHCJia p G (0, oo) p-ModyACM CCMCHCTBa 

B HaBOBCM BCJIHHHHy 

Mp(B) = inf [ p^{x) dv{x). 

pGadm F J 

Mbi xaKJKc HOJiaracM M(B) = M„(B), a BCJiHHHHy M(B) b otom cjiynae Ha3BiBaeM ModyACM 
ceueucmea B. SaMexHM, nxo Mo^yjiB ccmchctb noBepxHocxefl, onpe^ejieHHBiH xaKHM o6pa- 
30M, npcflcxaBjiHex co6oh bhchihiok) Mepy b npocxpaHcxBe Bcex fc-Mepnnix noBepxHocxefi 
(cm. [29]). 

4.3 

flycxB p ^ 1. BoBopnx, nxo neKoxopoe cbohcxbo P BBinojiHeno p-noumu ecex noeepx- 
Hocmeu odjiacxH D, ecjiH oho HMeex mccxo p;jih Bcex noBepxHocxefl, jicncan^Hx b D, KpoMe, 
6 bixb MOHcex, ncKoxoporo hx nop;ceMeHcxBa, p-Mop;yjiB Koxoporo paBCH Hyjiio. 
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Mm 6yfleM roBopHxt., hto HSMepHMaji oxHocHTejiBHo Mept-i o6x.eMa v (JiyHKpHa p: M” — )■ 
M+ p-o6o6iu,eHHo donycmuMa ceMeficxBa F, cocxoaipero h 3 fc-MepHBix noBepxHocxeii S b 
M"’, coKp. p G extpadmr, ecjin cooxHomeHne fH71) BBinojiHeno ^jih p-noHxn Bcex noBepxHO- 
cxeii S ceMeficxBa F. 06o6ineHHuu p-ModyAh Mp{T) ceMeficxBa F onpe^ejiHexca paBencxBOM 

Mp(F) = inf j fP{x) dv{x ), 

M" 

F^e xonnan hh>kh5I3 rpann Gepexcn no bcbm (JiyHKpHHM p G ext^adniF. B cjiynae p = n 
MM HcnojiBsyeM odoananennH M(F) n p G extadmF, cooxBexcxBenno. OneBn^no, nxo npn 
KajK^OM p G (0, cxo), /c = 1,. .., n — 1, H Kanc^oro ceMeflcxBa /c-MepnMx noBepxnocxen F b 
M", BBinojineno paBencxBo Mp(F) = Mp(F). 


4.4 

Cne^yiomnn Kjiacc oxoGpajKennn npe^cxaBjinex codon oGodmenne KBa 3 HKOH(|)opMHMx oxod- 
pancennH b cmmcjic KOJinpcBoro onpe^enennH no Fepnnry n ox^ejinno nccjie^yexcn paBJinn- 
nniMH aBxopaMH (cm., nanp., [3l rjiana 9]). Flycxn n ^ 2, D n D' — Ba^annBie odjiacxn b M” 
H M”, cooxBcxcxBcnno, Xq E D r Q: D ^ (0, cxd) — HBMepnMan (JiynKpnn oxnocnxejiBno 
McpM odx-eMa v. Flycxn U — nopMajinnan OKpecxnocxB, co^epncaipan xonny Xq, p ^ 1, xor^a 
dyflCM roBopnxB, nxo /: D ^ D' — Huxfcnee {p,Q)-omo6pacHceHue e mouKe xq, nan xojibko 

A4(/(E.))J inf [ ^dv(x) (48) 

pSextadmEs J 

Dr\A{xo ,E ,eo) 

fljin KajK^oro KOJinpa 4(xo,£,£o)) ^ (0,do)) = sup(i(x,X q), r^e odo3nanaex ccmch- 

x€U 

cxBo Bcex nepecenennn reofle3HnecKHx ccjiep S'(xo,r) c odjiacxwo D, r E (£,£o)- HcMnoro 
no3>Ke MM noroBopHM xannce n o npnMcpax xannx oxodpaJKcnnn (cm. jiCMMy ED. 


4.5 

Anajior cjie^yioipero yxBcpjK^ennn b M” ^jin cjiynan «nonxH Bcex rHnepnjiocKocxeH» ^ona- 
3an B |2l JicMMa 9.1]). 

JleMMa 4. FlycxB D — odjiacxB pnManoBa MnoroodpaBnn M"", — l,n^2,H 

Xq E D. Ecjin ncKoxopoe cbohcxbo P hmccx mccxo p;ji3 p-nonxn Bcex ccjiep D{xQ,r) : = 
S{xo,r) n D, jieJKaipHX b ncKoxopon nopMajinnon OKpecxnocxn U xonKH Xq, rp;e «p-nonxH 
Bcex» nonHMaexcn b cmmcjic Mop;yji5i ceMcilcxB noBcpxnocxeii, n, xpoMc xoro, MnoncecxBo 

E = {r E M|P HMcex mccxo S{xo,r) fl D} 

H3MepHMO no Jledery, xo P xannce hmccx mccxo p;ji3 nonxn bccx ccjicp D{xo,r), jicnca- 
ipnx B ncKoxopoH nopMajinnon OKpccxnocxn U xonxn Xq, oxnocnxcjiBno jinncnnon Mcpni 
Jlcdcra no napaMcxpy r G M. Odpaxno, nycxB P hmccx mccxo nonxn bccx ccjicp 
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D{xQ,r) := S{xQ,r) n D OTHOCHTejit-HO jiHHefiHOH Mept-i Jle6era no r G M, Tor^a P xan- 
jKe HMeex Mecxo ^jin p-nonxn Bcex noBepxnocxen D{xo, r) := S{xo, r)r\D b cmbicjic Mo^yjin 
ceMencTB noBepxnocxen n ^jin JiioGoro p ^ n — 1. 

/foKasameAhcmeo. Heo6xoduMocrm>. IlycTB neKoxopoe cbohcxbo P HMeex Mecxo ^jin p- 
nonxH Bcex ccjiep D{xq, r) := S{xo, r) fl D, r^e «nonxH Bcex» nonnMaexcn b CMBicjie Mo^yjiH 
ceMeilcxB noBepxnocxen, p ^ n — 1, n cooxBexcxByioni;ee MnoncecxBo E nsMepnMo no JleGery. 
rioKanceM, nxo P xannce HMeex Mecxo p;jih nonxn Bcex ccjiep D{xo,r) no oxnomennio k 
napaMexpy r G M. IlocKOJiBKy nponsBOJiBnan oGjiacxn D mojkcx Gbixb noKptixa ne Gojiee neM 

OO 

cnexnbiM o6x.ep;HnenHeM KonpenxpnnecKnx mapoB, D C IJ B{xo, Ri), xo p;jih ycxanoBjiennn 

i=l 

aaKjnonennn xeopeMBi p;ocxaxonno paccMoxpexB cjiynan, Korp;a D <Z B{0, R), 0 < R < oo. 

npep,nojio>KHM, nxo aaKjnonenne jicmmbi ne HBjinexcH BepnwM. Torp;a naHp,excH ceMencxBO 
r c(|)ep D{xo,r), nencan^nx b neKoxopon nopMajinnon OKpecxnocxn U xonxH xq, p;jih koxo- 
poro CBOHCXBO P BBinojineno b cmbicjic nonxH Bcex noBepxnocxeii oxnocHxejiBno p-Mop;yji5i, 
op;HaKo, napymaexcH p;jih neKoxoporo MHoncecxBa HHp;eKcoB r G M nojiojKHxejinnoH Mepti. 

BBHp;y peryjiHpnocxH Mepw JleGera mi HaHp;excH GopejieBCKoe mhojkccxbo 5 C M, xaKoe 
nxo mi{B) > 0 h cbohcxbo P napymaexcH nonxn Bcex r ^ B. IlycxB p\ M” —>■ [0, cxo] — 
p,onycxHMaH (|)yHKn,HH p,jiH ceMeficxBa F. YnHXbiBaH, nxo B — Gopeneno, mbi mojkcm cnnxaxB, 
nxo p = 0 Bne E = {x & 5(0, i?) | 3 r G 5 : d{x,Xo) = r}, nocKOJiBKy, b oxom cjiynae, 
MHOJKecxBo E, oneBHp;Ho, GopejieBo. Ho nepaBencxBy rejiBp,epa 


p 

( 

\ 

P 

( 

\ 

/ p”“^(x) dv{x) ^ 

/ 

fp{x) dv{x) 


/ 

dv{x) 

J 

E 

\e 

J 


\E 

/ 


H cjiep;oBaxejiBHo, BBHp;y saMenannH [H 


P 

n — 1 


fp{x) dv{x) ^ 


/ p” ^{x) dv{x) 

\E 


p —n+1 
n — 1 






/ dv{x) 


p;jiH neKoxoporo c > 0, x.e., Mp{T) > 0, nxo npoxHBopennx npep;nojio>KeHHK) jicmmbi. IlepBaH 
nacxB JICMMBI m p,oKa 3 aHa. 


/docmamoHHocmh. IlycxB P HMeex Mecxo p;jih nonxn Bcex r oxhochxcjibho Mepw JleGera 
H Bcex cooxBexcxByroipHX oxhm r ccjiep D{xQ,r), r G M. HoKanceM, nxo P xannce BBinojinn- 
excH p;jih p-nonxH Bcex noBepxnocxeii D{xo,r) := S{xo,r) (1 D b cmbicjic Mop;yji 5 i ccmchcxb 
noBepxnocxen. 

OGoananHM nepes Fq ccmchcxho bccx nepecenenHil := D{xo,r) ccjiep S{xo,r) c o6jia- 
cxBio D, p;jiH Koxopwx P ne HMeex Mecxa. FlycxB R oGoananaex mhojkccxbo bccx r G M 
xaKHx, nxo Dr G Fq. Ecjih mi{R) = 0, xo BBHp;y anajiora xeopeMw OyGnnH (cm. aa- 
Menanne [I]) mbi nojiynacM, nxo v{E) = 0, rp;e E = {x E D\d{x,Xo) = r G i?}. Pac- 
CMOxpHM (|iyHKn,Hio Pi: M** —)■ [0, cxd], onpep,ejieHHyio chmbojiom cxo npn x E E, bl pp- 
onpep;ejieHHyio nyjicM b ocxbjibhbix xonnax. Oxmcxhm, nxo HaHp,excH GopejicBa (jDynKpHH 
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P2'. M"" —>■ [0, oo], coBna^aiomaa hchth Bcro^y c pi (cm. [35l paa^eji 2.3.5]). TaKHM oGpaaoM, 
^p(ro) ^ / f^dv{x) = / Pidv{x) = 0, cjieflOBaxejiBHo, Mp{Tq) = 0. JleMMa H] hojihoctbio 

flOKasana. fi ^ 


4.6 

Cjie^yiomee yTBepjK^eHHe aBjiHexca BecBMa hojicshbim ^jia Hacxojimero Hccjie^oBaHHH (cm. [3l 
jicMMa 9.2]). 

IIpe^^jiojKeHHe 3. IlycxB (X, p) — HSMepHMoe npocxpancxBo c kohchhoh Mcpofl p, 
q G (1, oo), H nycxB (^: X —>■ (0, oo) — HSMepHMaH 4)yHKn,H3. HojiaraeM 


I{p,q) = ini / pa'^dp, 


(49) 


X 


r^e HH(|)HMyM Gepexca no bccm nsMepnMBiM (|)yHKn,HHM a: X —)■ [0, cx)] xaKHM, nxo J a dp = 

X 


1. Tor^a I{p,q) = 


Jp ^dp 


LX 


, r^e A = ^, ^ + ^ = 1, x.e. A = l/(g - 1) G (0, oo). 


Tonnan hhjkhhh rpann b (H9|) ^ocxnraexcn na (JiynKpHH 


p=\ dp p^- 


\X 


4.7 


Cjieflyioni;ee yxBepjK^enne nBjinexcn oGoGn^enneM xeopcMBi 9.2 b [3] na cjiynafi oxo6pa>Ke- 
HHH, sa^aHHBix na MHorooGpaann n npoHSBOJiBHBin nopn^OK Mo^yjin p > n — 1. 

JleMMa 5. riycxB n ^ 2, p > n — 1, D n D' — sa^anHwe oGjiacxn b M" h M”, 
cooxBexcxBCHHo, Xq ^ D R Q: D ^ {0, oo) — HSMepHMan (l^ynKpnH. Ecjih oxoGpajKenne 
f:D^D' aBjinexcH hhjkhhm (p, Q)-oxo6pa>KeHHeM b xonne Xq, xo npn nponsBOJiBHOM 
£o > 0 xaKOM, nxo B{xo,eo) jicjkhx b nopMajiBHon OKpecxnocxn U xonKH xq h neKoxopon 
nocxoannoH Ci > 0 hmccm 

£0 

/ V £ G (0, eo) , ^0 £ (0, (io), (50) 


rp;e s = h , kbk h bbt ttt c, Eg oGoananaex ceMeiicxBo Bcex nepecenennH ccjiep S'(xo,x) c 

oGjiacxBio D, r ^ (£Xo)5 

/ N 1/. 




Q^'ix) dA 




\p{xQ,r) 
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— Lg-HopMa (JiyHKpHH Q Ha^ nepeceneKHeM DHS^Xq, r) = D{xo, r) = {x E D \ d{x, Xq) = r}. 

06paTHo, ecjiH cooTHomeHHe (l50|) Bt-inojiHeno npn neKoxopoM eo > 0 h HeKoxopoii no- 
CTOHHHOH Cl > 0, TO / HBJIHeTCH HHJKHHM C 2 ' (5-OTo6pa>KeHHeM B TOHKe Xq, TflO C 2 > 0 — 
xaKJKe HeKOTopaa nocToaHHaa. 

/JoKasameAhcmeo. JXjis y^oGcxBa hojiojkhm 

P{x) = P{Q,p,p,x) := , ^(r) := inf f 

Q{x) a&I(r) J Q{x) 

D{xo,r) 

r^e q = p/{n — l) > 1 n /(r) oGosHanaex mhojkoctbo Bcex nsMepnMBix (JiyHKpHH a na ccjiepe 
D{xo, r) = S{xq^ r) fl D, xaKnx nxo 

/ = 1- 

D{xo,r) 

He orpaHHnHBan o 6 ttt hoctm paccyacflennii, mbi MoxceM cnnxaTB, nxo ||Q||s(?") < C)0 npn nonxn 
Bcex r G (£, £o)- OxHOCHxejiBHO (JiyHKpHH p G ext adm nojioJKHM Ap{r) ■.= j p^~^{x) dA 

D(xo,r) 

H aaMexHM, nxo Ap{r) — HSMepnMan no Jledery (JiyHKpHn oTHocHxejiBHo napanexpa r bbh- 
^y aaMenanna [1] Cjie^OBaxejiBHO, mhojkoctbo E G M. Bcex xaKnx r > 0, ^Jin Koxopnix 
^p(^) ~ I p^~^{x) dA 7 ^ 0, H3MepHMO no JleGery n, anannx, no jieMMelH 

D{xo,r) 


Ap{r) ^ J dA^ 0 

D(xo,r) 

npn nonxn Bcex r G (£,£o)- HycxB odoananaex Kjiacc Bcex nsMepnMwx oxnocnxejiB- 
no Mepni v (|)ynKU,nH p: M”' —)■ M+, y 7 i,OBjieTBopnion];nx ycjiOBnio J p^~^ dA = 1 ttJin 

D(xo,r) 

nonxn Bcex r G (£,£o)- yttoGcxna odoanannM := D H H(a:o,£,£o)- HocKOJiBKy 

Aji^ C ext adm Eg, mbi nojiynnM, nxo 

inf P{x)dv{x)^ inf f P{x)dv{x). (51) 

pEext adm Eg J P^^Eg J 

De De 

C 7 i;pyroH cxoponni, 71,113 aaT^annon cJiynKpnn p G ext adm E^ nnn^^y aaMenanns [1] mbi nojiy- 
nnM, nxo 7i;ji3 neKoxopon nocxonnnon C = C{xo) > 0 

inf [ f3^(x)Q~^(x) dv(x) ^ 

/3G^Se J 

De 


£0 


< 


c 


{AAr)) 


p/(l-n) 


P{x) dAdr 


< 


C 


P{x) dv{x) (52) 


D{xo,r) 


De 
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nocKOJibKy Ap{r) ^ 1 ^jih non™ Bcex r G (£,£o) BBH^y jibmmbi 01 (S^ecB 6 biji hchojib- 
30BaH TOT 4)aKT, HTO TOHHa3 HHJKH5I5I TpaHB JII 060 H BejIHHHHBI He HpeBOCXO^HT JHoGoTO 66 
4)HKCHpOBaHHOrO 3HaHeHHH). H 3 (|5T]) H (15^ MBI Gy^CM HMeTB, HTO 


inf / P{x) dv{x) ^ 




inf 

pGext adm 


P{x) dv{x) ^ 


— • inf / P(x) dv(x). (53) 
C peA^J 


D, 


D, 


D, 


rioKaJKeM, HTO 
eo 


1 

c 


£0 


p(r) dr ^ inf / P(x) dvix) ^ C 


'ipir) dr. (54) 


De 


flpejKfle Bcero, BBH^y npe^jiojKeHHH |3] mbi Gy^eM hmotb, hto 

/ \ 


= (IIQlUr))-^ = 


Q%x)dn 


n—1 


\p(xo,r) 


(55) 


/ 


"■ ^ . Cjie^oBaTejiBHo, BBH^y 3aMeHaHHH [T] cJiyHKpHH p(r) H3MepHMa no r, Tax hto 


r^e s = 

HHTerpaji b npaBofl hbcth (154)) onpe^enen KoppexTHo 


riycTB p G Tor^a (jDynxpHH Pr{x) := p\s(xo,r) H3MepHMa no OTHomennio x xayc^op- 

(Jdoboh Mepe ^jih h.b. r G (e, £o) BBn^y BaMenannH [1] Cjie^oBaTejiBno, 


£0 


£0 


P{x)dv{x) ^ — 

(_y 


pI{x)Q ^(x) dH"' ^dr ^ 7^ ' ip{r)dr. 


C 


De £ D{xo,r) 

flepexo^H X inf no bcom p G mbi nojiynnM 


£0 


inf / P{x) dv{x) ^ 77 • / 'i/j{r)dr. 


P&As, 


C 


(56) 




/loxaJxeM TenepB Bepxnee nepaBencTBO b (1541) . BBn^y npe^JiojxennnlSlTOHHaH HHJxnnn rpann 
BBipajxeHHH ijj{a, r) = f a‘^(x)Q~^(x) dP"'~^ no bcom a & I{r) ^ocTnraeTcn na (l^yHxpnn 

D{xo,r) 


( 


ao(x) := Q\x) 




j Q^{x 

\p{xo,r) j 


dn 


n—1 


S = 


n — 1 
p — n + 1 


Ban^y c^ejiannoro BBime npeflnojiojxennn, ||Q||s(t) < cx) npn hohth Bcex r G (e(,£o)- Cjie- 

l/(n—1) 1 

70 BaTejiBH 0 , G n, 3HaHHT, 


£0 


inf J P{x) dv{x) < / ^\x)Q ^(x) dv{x) ^ C ■ J 'i/j{r) dr. (57) 


D, 


Ds 
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Ha HepaBeHCTB (156|) h flFTj) cjie^yeT nepaBencTBo (15^ . OKOHHaTejibHo, BBH^y paaencTBa fl55|) . 
H3 fl5^ BBiTeKaex, hto 



(58) 


77_I 

r^e, KaK h npejK^e, s = 

Bbime Gbijih HSJioJKeHBi neKoxopbie HaBoyn Tim e coo6pa>KeHH5i, Gjiaro^apa KoxopBiM mbi 
MOJK eM xenepb npHcxynnxb Henocpe^cxBeHHo k ^oKaaaxejiBcxBy jieMMbi. 

Heo6xoduMocmh. HycxB / — HHJKHee (p, Q)-oxo6pa>KeHHe b xonxe Xq, xorp;a / yp,OBjiexBo- 
pjiex cooxHomeHHK) fl48p . Op;HaKo, BBHp;y cooxHomeHHfi fl53p h fl58|) HMeeM cooxHomeHne flSOp 
npH HeKoxopoH nocxoHHHoii Ci := 

/Jocmamo'HHocm'b. Hycxb mbi HMeeM cooxHomeHHe fl3Up . BBinojiHeHHoe npn neKoxopoH 
nocxoHHHOH Cl > 0, xorp;a BBHp;y cooxHomeHHH (l53P h (l58P / HBjiHexca hhjkhhm (p, C 2 ■ Q)- 
oxo6pa>KeHHeM b xoHKe xq, rp;e C2 := C'/Ci. □ 

HanoMHHM, Hxo oxo 6 pa>KeHHe f: X ^ Y Me>Kp,y npocxpancxBaMH c MepaMH (X, E,/i) 
H (F, o 6 jiap,aex N-ceoucmeoM (JlysHHa), ecjiH h3 ycjioBHH /i(S') = 0 cjiep;yex, hxo 

fi'{f{S)) = 0. AnajiorHHHo, 6 yp;eM roBopnxB, hxo oxo 6 pa>KeHHe f: X ^ Y Me>Kp;y npo- 
cxpaHcxBaMH c MepaMH (X, S, p) h {Y, T,', fi') o 6 jiap,aex N-ceoucmeoM (JlyaHHa), ecjiH h 3 
ycjioBHH = 0 cjiep;yex, hxo p.(S') = 0. Cjiep;yK)n];ee BcnoMoraxejiBHoe yxBepjKp,eHHe 

HOJiyneHo b pa 6 oxe |21) (cm. xeopeMa 1 h cjiep;cxBHe 2). 

npe/i,jio:a<;eHHe 4. HycxB D — o6jiacxB b M"", n ^ 3, p: (0, 00 ) —>■ (0, 00 ) — HeyGniBaio- 
maH (JiyHKpHH, yp,OBjiexBopHion];aH ycjiOBHio ffTsp . Torp;a.' 

1) Ecjih f: D ^ M"’ — HenpepBiBHoe oxKpBixoe oxoCpaHcenne Kjiacca Wl^^{D), xo / 
HMeex HOHXH Bciop;y hojihbih p;H4)4)epeHn,Haji b D] 

2) JIio6oe HenpepBiBHoe oxo6pa>KeHHe / G o6jiap;aex X-cbohcxbom oxHocHxejiBHo 

(n — l)-MepHOH MepBi Xaycp;op4)a, 6ojiee xoro, jioKajiBHo aGcojiioxHo nenpepBiBHo na hohxh 
B cex ccjiepax S{xo,r) c penxpoM b 3ap,aHHOH npep;nHcaHHOH xonxe xq G M"'. KpoMe xoro, 
Ha HOHXH Bcex xaKHx ccjiepax S{xo,r) BBinojiHeno ycjioBHe 'H"'~^{f{E)) = 0, khk xojibko 
|V/| = 0 Ha MHOHcecxBe E C S{xo,r). (3p;ecB «noHXH Bcex» noHHMaexcn oxHocHxejiBHo 
jiHHeHHOH MepBi JleGexa no napaMexpy r ). 

06o3HaHHM Hepea Jn-ifr{ci) BejiHHHHy, oananaioniyio {n — l)-MepHBiH HKoGnaH cyxcennH 
oxo6pa>KeHHH / na c4)epy S{xo,r) Dob xohko a (cm. |35l pa3p;eji 3.2.1]). npep;nojio>KHM, 
HXO oxo6paHceHHe f : D ^ M2 p;H4)4)epeHn;HpyeMo b xohkc xq G H h Maxpnpa HkoGh f'{xo) 
HeBBipo>Kp;eHa, J(xo, /) = det /'(xq) 7 ^ 0. Torp;a HaHp;yxc5i chcxcmbi BCKxopoB ei,..., h 
ei,...,En H HOJiojKHxejiBHBie HHCJia Ai(xo),..., A„(xo), Ai(xo) ^ ... ^ A„(xo), xaKHe hxo 
/'( xo)ej = Aj(xo)ei (cm. [H xeopeMa 2.1 rji. Ij), npn sxom, 


J(xo,/) = Ai(xo)... An(xo), ||/'(xo)|| = An(xo), /(/'(x)) = Ai (xq) , 


(59) 



(60) 
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CM. [U cooTHomcHHe (2.5), paa^. 2.1, rji. I]. Hncjia Ai(a;o),... A„(a:o) Haat-iBaioTCH sAaenuMu 
SHaneHUAMu, a BCKTopa Ci,..., h e^,..., ^ - zAaenuMU eenmopaMU oxoGpajKeHHa f'{xo). 
Ha reoMexpHHecKoro cMBicjia {n — l)-MepHoro aKoGnaHa, a xaxjKe nepBoro cooxHomeHHH b 
(| 5^ BBixcKaex, hxo 


Ai(a;o) ■ ■ ■ A„_i(a;o) ^ Jn-ifr{xo) ^ X2{xo) ■ ■ ■ Xn{xo ), 


(61) 


B HacxHocxH, Ha (1^ cjie^yex, hxo Jn-ifr{xo) nojiojKHxejien bo bccx xex xoHKax xq, r^e 
nojiojKHxejien HKoGnan J{xo,f). 

Cjie^yiomaH jieMMa b R” h ^jih cjiynaa xoMcoMopcJiHaMOB ycxanoBjicna /!,. Kobxohiokom 
H B. PaaaHOBBiM b [23l xeopcMa 2.1]. 

JleMMa 6. HycxB D - oGjiacxB b M”, n ^ 3, (p : {0, oo) —)■ (0, cxd) - Hey6BiBaioin;aH cJiyHK- 
pHH, y^oBjiexBopjHoipaH ycjioBHio (fT8|) . Ecjih p > n — 1, xo KajK^oe oxKpBixoe ^HCKpexHoe 
oxoGpajKCHHe /:/!—)■ c kohchhbim HCKaHccHHeM Kjiacca xaKoe, hxo A^(/, H) < oo, 

HBJIHCXCH HHJKHHM Q-OXoGpaJKCHHeM OXHOCHXCJIBHO p-MOflyjIH B KaJK^OH XOHKC Xq & D HpH 



Q{x) = N{f,D)-K^ 


Ffle BHyxpcHHHH flHjiaxapHH Ki^a{x,f) oxoGpajKCHHH / B xoHKe X nopH^Ka a onpeflejiena 
cooxHomcHHeM (|3]), a KpaxHocxB N{f,D) onpe^ejieHa BxopBiM cooxHomcHHeM b ([S]). 

/^OKasameAhcmeo. SaMcxHM, hxo / ^HcJiclDepeHpHpyeMo hohxh Bcio^y BBH^y npe^jiojKe- 
HHH m HyCXB B - GopejICBO MHOJKCCXBO BCCX XOHCK X & D, B KOXOpBIX / HMCeX nOJIHBIH 
^HcJicJiepeHpHaji f'{x) n J{x,f) ^ 0 b jioKajiBHBix Koop^HHaxax. HpHMeHHH xeopcMy Knp- 
cGpayna h cbohcxbo e^HHcxBeHHocxH annpoKCHMaxHBHoro ^HcJicJ^epenpHajia (cm. [ 3 ^ nyHK- 
XBI 2 . 10.43 H 3 . 1 . 2 ]), MBI BH^HM, HXO MHOJKCCXBO B Hpe^CXaBJIHCX C060H HC GojICC HCM CHCXHOC 
o6x.e^HHeHHe GopejicBCKHx mhojkccxb Bi, I = 1 , 2 ,... , xaxHx, hxo cynccHHa f] = /|s, hb- 
jiHioxcH GHjiHnmepeBBiMH roMeoMop(|)HaMaMH (cm., nanp., nyHKXBi 3 . 2 . 2 , 3 . 1.4 h 3 . 1 . 8 ]). 
Bea orpaHHHCHHH oGipnocxH, mbi mojkcm nojiaraxB, hxo MHOHcecxBa Bi nonapno ne nepece- 
KaioxcH. OGoanaHHM xaKxce chmbojiom 5 * mhojkccxbo bccx xchck x ^ D,b KoxopBix / hmccx 
nojiHBiH ^HcJicJiepeHpHaji, o^naKo, f'{x) = 0 . 

BBH^y HocxpoeHHH, MHOJKCCXBO Bq := D \ {B [J B^) HMcex Mcpy o6x.eMa, paBHyio nyjiio. 
Cjie^oBaxejiBHo, no | 3 l xeopcMa 9 . 1 ], 'H"'~^{BonSr) = 0 ^jiHp-nonxH Bcex ccjicp Sr ■= S{xo, r) 

C pCHXpOM B XOHKC Xq E D, X^C «p-nOHXH BCeX» CJIC^yCX nOHHMaXB B CMBICJie p-MO^yjIH 
ceMeiicxB noBepxHocxefi. Ho jicmmc HI xaKJKc 'H"‘~^{Bo fl Sr) = 0 npn hohxh bccx r G R. 

Ho npefljiojKCHHioHlH na ycjioBHH 'H^~^{BQr\Sr) = 0 ^jih hohxh bccx r G R bbixckbcx, hxo 
n Sr)) = 0 fljiH noHXH Bcex r G R. Ho axoMy npcfljiojKeHHio xannce n 

Sr)) = 0 , nocKojiBKy / - oxoGpajKCHHe c kohchhbim HCKanccHHeM h, anannx, L{x,f) = 0 
noHXH Bcio^y, r^e J(x, /) = 0 . 

HycxB r - ceMCHCXBO bccx nepecencHHii c(|)ep Sr, r G (£,Xo), Xq < rfo = sup d{x,Xo), c 


xG.D 


oGjiacxBio D (a^ecB £ - nponaBOJiBHoe (|)HKCHpoBaHHoe uhcjio na HHxepBajia (0,ro)). 
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sa^aHHOH 4)yHKii;HH p* G adm/(r), p* = 0 BHe f{D), nojiaraeM p = 0 Bne B, 


p{x) 




kK^J) ) 


y^HTBIBaa COOTHOmeHHH (15^ H (1^ . P,JI5I X ^ Sr, 


npH X E B . 


K^J) 


> 




(62) 


IlycTB D* G /(r), D* = f{D fl Sr). SaMexHM, hto D* 
cjiep,OBaTejiBHo, p,ji5i noHXH Bcex r G {s,ro) 


OO 


[j f{SrnB,)[jf{SrnB,) H, 

i=0 


1 ^ j P:-\y)dA, j n B,)dn^-^y+ (63) 

D* *=°/(S,nBi) 

+ J p:-\y)N{y,f,SrnB,)dn--^y. 

fiSrllB,) 

YHHXBiBaH p,OKa3aHHoe BBime, h3 (163|) mbi nojiynaeM, hxo 

1 ^ j p:-\y)dA. ^Y1 / n B,)dn^-^y (64) 

D* *=V(5rnBi) 


p;ji3 noHXH Bcex r G (ejTo). Paccy>Kp,a5i noKycoHHO na Bi, i = 1,2,..., BBHp,y |35l 1.7.6 h 
xeopeMa 3.2.5] h fl6^ mbi nojiynaeM, hxo 


BiHSr BiHSr 


= I pr‘(/w) 

BidSr 


l{x,f)Jn-lf{x) 


Jn—lfr{p^) dA ^ 


^ j p:-\f{x))-Jr..Jrix)dA= j p:-^N{y,f,SrnB,)dn^-^y 

BinSr fiBinSr) 


(65) 


p;ji3 noHXH Bcex r G (£,'ro). H 3 flMj) h (165|) BBixexaex, hxo p G extadmr. 

SaMena nepeMeHHBix na Ka>Kp;oM Bi, I = 1,2,... , (cm., nanp., [35l xeopcMa 3.2.5]) h 

CBOHCXBO CHeXHOH apflHXHBHOCXH HHXexpajia npHBOp;HX K OpCHKe 


- dv{x) ^ 

x,f) 

Hxo H 3aBepmaex poKa3axejiBcxBo. □ 

IlycxB G - oxKpBixoe mhojkccxbo b R” h I = {x G R"’ : < Xi < bi,i = 1,... ,n} - 

oxKpBixBiH n-MepHBiii HHxepBaji. Oxodpaxceniie /;/—>■ R" npuHadjiecHcum KAaccy ACL 


[ N(f,D)-p;(y)dm(y), a-- ?— 

J p-n+1 

f{D) 


ff{ 


X 


D 


K 


p —n + 1 
n — 1 j 

I,a ' 
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{a6coA'iomHo nenpepueno na auhuax), ecjin / aGcojiroxHo nenpept-iBHo na noHXH Bcex jih- 
HeflHBix cexMenxax b I, napajiJiejiBHBix Koop;];HHaxHBiM ochm. Oxo6pa>KeHHe f : G ^ 
npuHadAeatcum KAaccy ACL b G, Kor^a cyxcenne f\i npHna^jiejKHx Kjiaccy ACL Kaxc- 
floro HHxepBajia I, I <Z G. 

Cjie^yiomHe BaxcHBie CBe^eHna, KacaroipHeca eMKocxH napBi MHOJKecxB oxHocnxejiBHo o6- 
jiacxH, Moryx 6bixb Hafi^enBi b paGoxe B. LI,HMepa |36) . IlycxB G - orpaHHHeHnaH oGjiacxB 
B M"" H Go, Gi - HenepeceKaroipHeca KOMnaKXHBie MHoacecxBa, jiejKaipHe b aaMBiKannH G. 
HojiaraeM R = G \ (Go U Gi) h R* = i? U Go U Gi, xor^a p-eMKOcmhw napu Go, Gi omnocu- 
meAhHO saMUKanuA G nasBiBaexca BejiHHHHa Gp[G, Go, Gi] = inf j | Vm|^ dm{x), r^e xonnan 

R 

HHJKHHa rpaHB Gepexcn no bcbm (J^yHKpnnM u, nenpepniBHBiM b R*, u G ACL{R), xaKHM 
nxo u = 1 na Gi H M = 0 na Go- yKasannwe (J^yHKpnn Gy^eM naaniBaxB donycmuMUMU 
fljin BejinnHHBi Gp[G, Go, Gi]. Mbi Gy^eM roBopnxb, nxo MHoatcecmeo a C M"" pasdeAsiem Go 
u Cl e R*, ecjiH a A R saMKnyxo b R r nan^yxcH nenepeceKaromneca MHOJKecxBa A b B, 
aBjiaiomneca oxkpbixbimh b R* \ a, xanne nxo R* \ a = AU B, GqCAhGi G B. IlycxB E 
oGoananaex Kjiacc Bcex MHoxceoxB, paa^ejiaiomHx Go n Gi b i?*. ,II,Jia nncjia p' = p/{p — 1) 
onpe^ejiHM Bejinanny 

Mp/(S) = inf f dm{x), 

pGadmS J 

r^e aanncB p G admE oananaex, nxo p - neoxpnpaxejiBHaa GopenencKaa (JiyHKpHH b M"' 
xanaa, nxo 

J pdK^-^ Va G E. 

aOR 

SaMexHM, nxo coraacno pesyanxaxa LI,HMepa 

AV(S) = Cp[G, Go, Gi] , (66) 

CM. [3H1 xeopcMa 3.13] npn p = nn [371 c. 50] npn 1 < p < cxo. SaMcxHM xanace, nxo comacno 
peayanxaxa B.A. IIIaBiK 

Mp{T{E,F,D)) = Cp[D,E,F], (67) 

CM. [38l xeopcMa 1]. Anaaor caep;yK)n];eH aeMMw b caynae roMeoMop(|)H3MOB p,oKa3aH b mo- 
HorpacJiHH [H xeopcMa 9.3]. 

JleMMa 7. riycxB n ^ 2, D - oGaacxn, aeacamaa b pnManoBOM MHorooGpa3HH M", D - 
KOMnaKx B M”, n ^ p > n — 1, xo ^ D n Q : D ^ [0, oo) - H3MepHMaa oxnocnxeaBHo Mcpni 
oGncMa 4)yHKU,Ha xaxaa, nxo npn ncKoxopoM ^o > 0) < dist(a:o, dD), BBinoaneno ycaoBne 

£0 

f dt , , 

0 (t) 

TX 1 

qxoir) := J Qp-n+i(a;) dR'^~^, rp,e a = npep;noao>KHM, M” — cBa3Ho, aB- 

\x-xo\=r 

aaexca n-peryaapnniM no Aanc^opcy, xpoMC xoro, b M” BBinoaneno (1; a)-HepaBeHCXBO 
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IlyaHKape. IlycTb, KpoMe xoro, U* — HeKOTopaa oGjiacxb b M”, xoMeoMopcJiHaH KaKofi- 
jihGo orpaHHHeHHOH oGjiacxn b oxHocnxejiBHo neKoxopofi (JiHKCHpoBaHHOH KapxBi, a 

- HeKoxopBiH map b M” xaKofi, hxo Br C t/*, h Br - KOMnaKx b M”, Br ^ M”. To- 
r^a KajK^oe oxKpBixoe, ^ncKpexHoe h coxpaHHiomee rpaHnpy b oGjiacxn D \ {xq} HHJKHee 
(p, (5)-oxo6pa>KeHHe f : D \ {xq} —)■ -Br npop;oji>KaexcH b xonxy xo nenpepBiBHBiM o6pa30M 
p;o oxo6pa>KeHH5i f : D ^ U*, ecjiH xojibko C{f, xq) fl C(f, dD) = 0. 

/lloKasameAhcmeo. Ho ycjioBHio jieMMBi HaHp;exc5i roMeoMopcJiHSM ip : U* ^ G M"". 
He orpaHHHHBaa oGipnocxH, mojkho cnnxaxB, hxo ijj{f{D\ {xq})) C npep;nojio>KHM npo- 
xHBHoe, a HMeHHo, Hxo oxo6pa>KeHHe / ne Moxcex Gbixb npop;oji>KeHo no nenpepniBHocxH b 
xonny Xq. Torp;a, ynnxBiBan, nxo Bf> - KOMnanx b M”, HaHp;yxc5i p;Be nocjiep;oBaxejiBHOcxH 
Xj H x', npHHap;jie>Kam;He D\{a;o} , xj — )■ xo, x' — )■ xq, xanne, nxo d^{f{xj), /(xj)) ^ a > 0 
Bcex j G N. Mojkho cnnxaxB, nxo Xj n Xj jiencax Bnyxpn reop;e3HnecKoro mapa B{xq, Tq), 
tq := dist {xo,dD), npn oxom, B{xo,rf)) jiencnx b neKoxopon nopMajiBHon OKpecxnocxn xon- 
KH Xo- HojiaraeM Vj = max [d{xj, xq), d{Xj,xo)},lj = min xq), d{xj,xo)Y Coep;HnHM 

xonKH Xj H Xj 3aMKnyxoH KpnBon, jie>Kam;eH b B{xo,rj) \ {xq} . 06o3nanHM sxy KpnByio 
CHMBOJiOM Cj H paccMoxpHM Konp;encaxop Ej = {D\ {xq} ,Cj) (ne orpannnnBan o6 ttt ho- 
cxH, MOJKno cnnxaxB, nxo Bce xonnn x G Cj yp;oBjiexBopHiox nepanencxBy d{x,Xo) ^ Ij). 
B CHjiy oxKpBixocxH H nenpepBiBnocxH oxodpancenna /, napa f{Ej) xannce nBjmexcn Kon- 
p;encaxopoM. HocKOJiBKy / - oxKpnixoe, p;HCKpexnoe n coxpan5nom;ee rpannpy oxoGpance- 
nne, dip{f{D \ {xq})) = C{ip o f, dD) U C('^ o /, xq). HocKOJiBKy D - Komnanx, MnoncecxBo 
C{ip o dD) HBjmexcn 3aMKnyxBiM. 

PaccMoxpHM npn Vj <r < Tq npoKOJioxBin map Gi := B{xo,r) \ {xq}. SaMexHM, nxo Cj 

- KOMnaKxnoe nop;Mno>KecxBo Ci, xorp;a ip{f{Cj)) - KOMnanxnoe nop;Mno>KecxBo ip{f{Gi)). 

BBHp;y oxKpBixocxH / HMeex Mecxo BKjnonenne dip{f{Gi)) C C{ipo f,xo)Uip{f{S{xo,r))). 
dlencxBHxejiBno, ecjin po £ (9'^(/(Gi)), xo p;jm nenoxopon nocjiep;oBaxejiBnocxH G ip{f{Gi)) 
HMeeM: —)■ yo- Torp;a yk = ip{f{xk)), Xk G Gi- HocKOJiBKy Gi jiencnx b nenoxopon 

nopMajiBnoH OKpecxnocxn xonnn Xo, Moncno cnnxaxB, nxo Xk ^ Zq E Gi- OcxajiocB 3a- 
MexHXB, nxo cjiynan, Korp;a Zq - Bnyxpennnn xonna Gi neB03M0>Ken, nocKOJiBKy b oxom 
cjiynae ip{f{xk)) ^(/(^^o)), rp;e ip{f{zo)) - Bnyxpennsm xonna ip{f{Gi)), nxo npoxn- 

Bopennx BBidopy yk- Torp;a Zq G dGi = {0} U S{xo,r), nxo n p;oKa3BiBaex BKjnonenne 
dilj{f{Gi)) C C{ip o f,Xo) U ip{f{S{xo,r)))- Torp;a BBHp;y coxpanennn rpannpni n oxKpni- 
xocxH oxodpancenna / MnoncecxBo dip{f{Gi)) \C{ip o f,xo) HBjmexcn 3aMKnyxBiM b R”. 

Oxciop;a BBixeKaex, nxo MnoncecxBo a := dip o f{Gi) \C{ip o xq) oxp;ejmex ip o f{Cj) ox 
C{ip o dD) B ip{f{D \ {jco})) U C('^ o /, dD)- /I,eHcxBHxejiBno, 

iP{f{D\{xo}))UC{iPof,dD) = 

= <J(/(G,)) U <7 u ((<J(/(£> \ {x„})) U C(v. O /, dD)) \ <J(/(G,))) , 

Ka>Kp;oe h3 MnoncecxB A := ip{f{Gi)) n H := {ip{f{D \ {xq})) U C(ip o f,dD)) \ ip{f{Gi)) 
oxKpwxo B xonojiornn npocxpancxBa ip{f{D \ {xq})) U C{ip o f,dD), An B = 0 , Cq : = 
iPifiC,)) C H n Cl := C{iP o /, dD) C B- 
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IIojiaraeM a := SaMexHM, hto - KOMnaKx b M”, nosxoMy b jioKajiBHBix Koop- 

flHHaxax, cooxBexcxByiomHx oxo6pa>KeHHio ijj, Ci ^ ^ C 2 Bcex x G 

Tor^a, nocKOJiBKy a C f{S{xo,r)), BBH^y (l66|) . fl67|) h cbjish Mo^yjien ceMeficxB kphbbix h 
noBepxHocxeii b MHoroo6pa3HH c anajiorHHHBiMH BejiHHHHaMH b jioKajiBHBix Koop^Hnaxax, 
MBi MOJKeM yxBepxyri;axB, hxo npn neKoxopofi nocxoHHHOH C > 0 

AUr{f(Cj),C{f,dD),f{D\{x„}))) g -, ( 69 ) 

Mr""(/(S,,)) 

r^e T,rj - ceMeilcxBO c4)ep S'(xo,r), r G {rj,ro). C ^pyrofi cxopoHBi, h3 jibivimbiOh ycjiOBHa 

n — 1 

pacxo^HMocxH HHxerpajia (168|) BBixeKaex, hxo 00 npn j —)■ cx). B xaKOM 

cjiynae, h 3 (16^ cjie^yex, hxo npn j ^ 00 

M„(r(C(/, D), /(Q), f{D \ {xo}))) ^ 0 . (70) 

AHajioxHHHyio npope^ypy npo^ejiaeM oxHocnxejiBHo ^pyroro npe^ejiBHoro MHoacecxBa C{'4)o 
/, Xq). Hmchho, 3aMexHM, Hxo Cj - KOMnaKx b G 2 := D\ B{xQ,e) ^jih npoH3BOJiBHoro 
e G (0,/j). Tor^a BBH^y nenpepBiBHocxH / MHOJKecxBo f{Cj) aBjiHexcH KOMnaKXHBiM no^- 
MHOJKeCXBOM /(G' 2 ) H, B HaCXHOCXH, d'lp{f{G 2 )) fl'0(/(C'j)) = 0. /(ajIBB, 3aMeXHM, HXO 

aV^(/(G 2 )) C O /, dD) U ^(/(^(xo, 5 ))). (71) 

HojiaraeM 9 := diplf {G 2 ))\C{ijjo j\ dD) h 3aMexHM, hxo 6 aBjiaexcH 3aMKHyxBiM, nocKOJiBKy 
HMeex Mecxo cooxHomeHne dll H, KpoMe xoro, G{'ijj o f,dD) n V’(/(5'(xo, £))) = 0 BBH^y 
coxpaHeHHH rpaHHpBi oxo6pa>KeHH5i f b D \ {xq}. KpoMe xoro, 3aMexHM, hxo 6 ox^ejiaex 
Gs := ^|J{f{Gj)) H Gi := G{'tp o /, xq) b ^|J{f{D \ {xq})) U C ('0 o /, xq). /I,eHCXBHxejiBHO, 

V’(/(^ \ {a^o})) U G{'d o f, Xo) = 

= «1(/(G2)) U 9 U {m{D \ {!„})) U C(«l o /, !„)) \ W(M) . 

-4 = i’(f{G 2 )) II B = ((!/'(/(£> \ {a^o})) UC(l/> O /,Io)) \'/'(/(G 2 ))) OTKpblTBI B TOnOilOBHH 

npocxpancxBa 'il){f{D \ {xq})) U C'(V’ o /, Xq), A n S = 0 , C3 := ip{f{Gj)) C A h C4 := 
C('0 o f,Xo) C 5. 

Kax H npejK^e, nojiaraeM a := . Tax xax 6^ C V’ ° (/(*S'(xo, £))), BBH^y fl66|) . (I67)) . 

HcnojiBBya BBipaxcenne Mo^yjiefi Hepe3 jioxajiBHBie xoop^HHaxBi, mbi nojiynaeM: 

A 4 (r(/(C,).C(/,I„),/(D\ {!„}))) $ „_A -. (T 2 ) 

Af/-"+‘(/(e,)) 

r^e ©e - ceMeficxBo ccjiep ^(xo,^), £ G (0,/j), a i? > 0 - nexoxopaa nocxoaHHaa. C 
;];pyroH cxopoHBi, h3 jiommbi [5] h ycjioBxa pacxo^HMocxH HHxerpajia fl68|) BBixexaex, hxo 

n—1 

(/(©e)) = CX). B xaxoM cjiynae, h 3 (1721) cjie^yex, hxo 


M„(r(C(/, xo), /(Q), /(D \ {xo}))) = 0 . 


(73) 
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SaMexHM, HTo BBH^y onpe^ejieHHH j9-eMKocTH h nojiya^HTHBHocxH Mo^yjia cMeficxB kphbbix 
(cm. (jT])), npH j —)■ cxD H3 flTOj) H fl73|) BBixexaex, hxo 


c&Vaf{Ej)^ (74) 

^ M„(r(C'(/, xo), /(Q), f{D \ {xo}))) + M„(r(C(/, dD), f{C,), f{D \ {xq}))) ^ 0 . 

C ^pyroH cxopoHBi, paccMoxpHM ceMeilcxBo kphbbix ^f{Ej) KOH^encaxopa f{Ej) b 
xepMHHax onpe^ejieHHH p-cmkocxh. SaMcxHM, hxo no^ceMeflcxBo HecnpHMjiaeMBix kphbbix 
ceMCHcxBa ^f{Ej) HMeex HyjieBOH Mo^yjiB, h hxo ocxaBineecH noflceMeiicxBo, cocxonipee h3 
Bcex cnpHMjiaeMBix kphbbix ceMCHcxBa F f{Ej), cocxohx h3 kphbbix jS: [a, b) —)■ f{D \ {xq}), 
HMeiomHX npe^eji npn t ^ b (b^ccb ynxeno, hxo Br — KOMnaKX b M"). SaMCXHM, hxo 
yKa 3 aHHBiH npe^eji npHHa^jiejKHx MHoxcecxBy df{A), r^e A := f{D \ {xq}). H3 cKa 3 aHHoro 
cjie^yex, hxo 

M,(r;(^p) = M„(r(/(C,), df{A), f{A))). (75) 

IIoKajKeM, HXO HaH^excH neBBipojK^eHHBiH KOHxnnyyM K xaKofi, hxo K C df{A). Aony- 
cxHM, HXO dimdf{A) = 0 (r^e dim o6o3HaHaex xonojioxHHecKyio pa3MepHocxB MHoxcecxBa), 
xor^a BBH^y cjie^cxBHe 1, paB^eji 5, rji. IV, c. 48] mhojkccxbo Of {A) ne pa36HBaex 
M". IIocjieflHee OBHanaex, hxo mhojkccxbo M" \ Of {A) Bce eme hbjihcxch odjiacxBio. BBH^y 

CBH3HOCXH MHOrOo6pa3HH M” XOHKH Xi G f{A) H X 2 G M” \ f {A) MOXyX GbIXB COe^HHCHBI 

KpHBOH 7, pejiHKOM jicHcaipeH B M” \df{A). nocjie7,Hee npoxHBopcHHx [33l xeopcMa 1, §46, 
H. Ij. SnaHHx, cyipecxByex HeBBipoxyi^eHHBiH KOHxnnyyM K C df{A), hxo h xpedoBajiocB 
yCXaHOBHXB. 

BBH 7 ;y npe7;jio>KeHH5i [2] h xoro, hxo d* (^f{xj), f{x')) ^ a > 0 7 ;jih Bcex j G N BBH 7 ,y 
npe7;nojio>KeHHH, mbi nojiyHHM: 


M^{T{fiC,),dfiA)JiA))) = M^{T{fiC,),dfiA),M:)) ^ 

1 min{diam/(Cj), diam 77} 


^M„(r(/(C,),i7,M:))^ 


c 


fll+a-r 


^6>0. (76) 


07,HaKo, paBCHcxBo fl75p h HepaBCHcxBo fl76p bmccxc c onpe7;ejieHHeM p-cmkocxh npoxHBope- 
Hax dZH). riojiyHCHHoe npoxHBopcHHe onpoBepraex npe7;nojio>KeHHe, hxo / ne hmccx npe7;ejia 

IipH X —>■ Xq B M”. □ 

/JoKasameAhcmeo meopeMu\^ Ho jicmmc [6] oxodpaHcenne / HBjiaexcH hhjkhhm {p,B)- 
oxodpajKeHHeM b Kaxyi^oH xohkc xq E D npn 


p—n+1 

B{x) = N{f,D)-K;^{x,f),a 


P 

p — n + I 


(x.e., p = ^ 7 pf^), r7;e BHyxpcHHHH 7;Hjiaxaii;H5i i7/_Q,(x, /) oxodpaxceHnn / b xohkc x nop5i7,Ka 
a onpe7,ejieHa cooxHomenneM (]3]), a KpaxHocxB N{f, D) onpe7,ejieHa BxopBiM cooxHomenneM 
B (j5]). SaMCXHM, HXO, HOCKOJiBKy tt G (n — 1, n], xo xaKJKe p G (n — 1, nj. Tor7;a Heo6xo7,HMoe 
3aKjiioHeHHe BBixexaex h3 jicmmbi [71 □ 
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B ^ajibHefimeM hem nona^oGHTca cjie^yiomee BcnoMoraTejitHoe yxBepjK^eHHe (cm. [T^ 
jieMMa 4.2]), Koxopoe npn a ^ n mojkcx 6bixb ^oKasano no ananornn. 

IIpe^^jiojKeHHe 5. UycTh a ^ 1, xq G M”, 0 < ri < r 2 < dist {xo,dU), U — neKOTo- 
pas HopMajihHaa oKpecTHocTb tohkh xq, Q: M” —)■ [0, cxd] HSMepHMaa (pyHKpHsi, jioKajihHo 
HHTerpnpyeMaa oxHocMTejibHo uepbi v b U. TlojiaraeM 

1 

n-i ^ . ’ 

Ir°‘-^qxo (r) 

r2 

me 1=1 = /(xo,ri,r 2 ) = / - n Qx^ijr) := J Q(x) Toma npn 

n r'^q'^ (r) 

HeKOTopoH nocToaHHoit C* > 0 



J Q{x) ■ Po{d{x, Xq)) dv{x) ^ C • y Q{x) ■ r]°‘{d{x, Xq)) dv{x ), 

A A 


A = A(xo, ri, r 2 ), jiio6oh HSMepnMOH no Jledery (pyHKpnn p\ (ri,r 2 ) m [0, cxd], xaKon 
r2 

HTo j p{r)dr = 1. Hmccx mccxo cjie^yioniaH 

ri 

TeopeMa 6. IlycxB n^3, n^p>? 7 . — 1, « = D - odjiacxB b M”, xanan 

nxo D - KOMnaKX b M"', MHorooGpaane M” CBnano, nBjinexcn n-peryjinpHBiM no AjincJ^opcy, 
KpoMe xoro, b M” BBinojineno (1; Q;)-nepaBencxBO IlyanKape. IlycxB, KpoMe xoro, U* — 
ncKoxopan odjiacxB b M”, roMCOMopcI^nan KaKon-jindo orpannnennon odjiacxn b M"", a Br 
- ncKoxopBiH map b M” xanon, nxo Br C ?7*, h Br - KOMnanx b M”, Br ^ M”. IlycxB 
xaKJKe N{f,D) < oo, n — 1 < p ^ n, Xq G D, xor^a Kanc^oe oxKpwxoe, ^ncKpexnoe n 
coxpan 5 nom;ee rpannpy oxodpancenne / : D\{xo} -A- Br Kjiacca (-D\{a:o}) c KonennwM 
HCKancenneM xanoe, nxo C(/, Xq) fl C'(/, dD) = 0, npo^ojiJKaexcn b xonny Xq nenpepnmnBiM 
odpaaoM ^o oxodpancenna f : D m Br, ecjin hmccx mccxo cooxnomenne (fT 8 |) n, KpoMe xoro, 
nan^excn cJiynKpHn Q : D m {0, oo), xanan nxo Ki^a{x, f) ^ Q{x) npn nonxn Bcex x ^ D n 
Q G FMO{xo). 


/doKasameAhcmeo. dJocxaxonno noKaaaxB, nxo ycjioBne Q G FMO{xq) Bjienex pacxo^n- 

MocxB nnxerpajia cnD, nocKOJiBKy B oxoMy cjiynae neodxo^HMoe aaKjnonenne dy^ex cjie^o- 

BaxB H3 xeopeMBiEl IlojiaraeM 0 < ^ . Ha ocnoBannn npe^noncenne 3] 

V logi) 

fljm yKaaannoH cJiynKpHH dy^cM hmcxb, nxo 


j Q{x) ■'ijj°'{d{x,Xo)) dv{x) = J 

e<d{x,xo)<eo e<d{x,xo)<eo 


Q(x)dv(x) 


(d(x,Xo)log^^ 


= O ^loglog^j 

npn £ —)• 0. SaMexHM xannce, nxo npn yKaaannwx Bwme £ BBinojineno ^ Ho^’ nooxoMy 

£0 y 1 

I{e,eo) := J dt ^ log . Hojiojkhm p{t) := ipif)/I{e,eQ), xor^a BBn^y npe^nonce- 
£ eo 

nnn m nojiynHM, nxo nnxerpaji b pacxo^nxcn n, anannx, neodxo^HMoe saKjnonenne 
BBixcKaex H3 xeopcMBi [3l □ 
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CjieflCTBHe 2. SaKjiioHeHHe TeopeMt-i 0 HMeex Mecxo, ecjin b ycjioBHax sxoii xeopeMBi 
BMecxo npe^nojiojKeHHH na cJiyHKpHio Q noxpe6oBaxB, hxoGbi Q G npn neKoxopoM 

s ^ rne n — 1 ^ a ^ n. 

/JloKasameAhcmeo cjie^cxBHH |2] npoBo^nxca anajiorHHHo ^oKaaaxejiBcxBy xeopeMBi O □ 


5 HeKOTopbie npHMepbi. Anajior HepaBencTBa xnna Baii- 
CHjia 

npocxoxBi orpaHHHHMCH BHanajie cjiynaeM npocxpancxBa M”. ^Jia nanajia npHBe^eM 
HeKoxopyio xexHHxy, HeoGxo^HMyio naM ^jih no^cnexa BejiHHHH, ynacxByiomHx b fl5^ - fl60|) . 

SaMexHM, npejK^e Bcero, hxo nponsBo^Haa ^{^o) = lim oxo6pa>KeHH3 / 

no nanpaBjieHHio e G b xonxe ero ^ncJicJiepeHpHpyeMocxH xq mojkox 6bixb BBinncnena no 
npaBHjiy: ff(a^o) = f'{xo)e. TaKHM oGpaaoM, nyxeM npnMoro BBinncjiennH Moncno yGe^nxBcn 
B cnpaBe^jiHBocxH cjie^yiomero yxBepjK^ennn. 

npe/i,Jio:a<;eHHe 6. IlycxB oxoGpancenne f : B{0,p) ^ M” HMeex bh^ 

f{x) = ^p(|a:|), 

fI 

r^e (JiynKpHH p{t) : (0, p) —)■ R nenpepniBna n p;H4)(|)epenn;HpyeMa nonxn Bciop;y. Torp,a / xax- 
JKe p;H4)4)epenn;HpyeMO nonxn Bciop;y, npn oxom, b Kaxyz^on xonne Xq p;H4)4)epenn,HpyeMocxH 
oxo6pa>KenH5i / b nanecxBe rjiaBnwx BenxopoB ,..., n ..., ^ Moncno bshxb (n — 1) 
jinnenno neaaBHCHMBix KacaxejiBnwx BenxopoB k ccjiepe S'(0,r) b xonne Xq, rp;e |xo| = r, n 
op;Hn opxoronajiBnwH k bhm Benxop b yKaaannon xonne. 

CooxBexcxByiomne rjiaBnwe pacxnjKenHH (naaniBaeMBie, cooxBexcxBenno, KacameAwu- 
Mu pacmnMceHUfiMu n paduaAhHUM pacm^atceHueM) paBnw A,-(xo) := Aj^(xo) = ... = 
Ai„_i(xo) = ^ H Xr{xo) := Ai„ = p'(r), cooxBexcxBenno. 

OxMexHM, nxo p,Ji5i rjiaBnwx pacxHJKennH A*^, k G 1,2, ... ,n, mbi naMepenno ncnojiBso- 
BajiH p;BOHnyio Hnp,eKcan,Hio, nocKOJiBKy, nan mbi ycjiOBHjincB BBime, Konennyio nocjiep,OBa- 
xejiBnocxB Aj, z G 1, 2,... , n mbi npep;nojiaraeM Boapaoxaioipen no z : Ai < A 2 < ... < A„. 
EcxecxBenno, nxo b cJinKcnpoBannon xonne Xq pap;HajiBnBie pacxnjKenHH Aj^(xo) = ... = 
Ai„_i(xo) = Moryx 6bixb ne GojiBine KacaxejiBnoro pacxajKennn Aj^ = p'{r), n naoGopox. 

Cjiep;yioni;ee yxBep>Kp;enHe noKasBiBaex, nxo b ycjioBnnx xeopeM [3] n [6] xpeGoBanna na 
(JiynKpHio Q nejiB3H, BooGipe roBopa, saMennxB ycjioBneM Q G nn p;jiH Kaxoro (ckojib 
yrop,no GojiBinoro) p > 0 h p,ji5i jnoGoii neyGniBaroipen (JlynKpHH <p(t). ,3 ,ji5i npocxoxBi pac- 
CMOxpHM cjiynan, Korp;a H = B”', rz ^ 3. 

TeopeMa 7. IlycxB p : [0, 00 ) —)■ [0, cxd) - nponsBOJiBnaH neyGnmaiomaH (JiynKpnH. 
Ka>Kp;oro p^lnrz — l</3^rz cyipecxByiox cjDynKpHH Q : B"" —)■ [1, cxd] , Q (x) G L^(B"') 
n paBnoMepno orpannnennBin roMeoMopcJmsM p : B" \ {0} —?• R", g G \ {0}), 

HMeioipHn Konennoe ncKancenne, xaKon nxo Kpp{x, f) ^ Q{x), npn oxom, g ne npop,oji>KaexcH 
no nenpepBiBnocxH b xonxy Xq = 0. 
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/^OKasamejihcmeo. PaccMoxpHM cjie^yiomHH npHMep. 3a(|)HKCHpyeM HHCJia p ^ 1 h a G 
{0,n/p{n — 1)). Mojkho cHHTaxL., hxo a < 1 b cHJiy nponsBOJiBHocxH BBiGopa p. 3ap;ap;HM 
roMeoMop4)H3M g : B"' \ {0} —)■ M” cjiep;yioiii;HM oGpaaoM: g{x) = • x. 3aMexHM, hxo 

oxo6pa>KeHHe g nepeBop;Hx map D = b kojibpo D' = B{0, 2) \ B"’, npn 3 xom, C{g,0) = 
gn-i (^oxciop;a BBixexaex, hxo g ne HMeex npep,ejia b nyjie). 3aMexHM, hxo g G C'^(B"' \ {0}), 
B HacxHocxH, g G 

/I,ajiee, b Ka>Kp;oH xonxe a; G B” \ {0} oxoGpaJKeHna g : B” \ {0} —)■ M"" bbihhcjihm Bnyx- 
peHHioio p,Hjiaxaii,Hio oxoGpajKeHna g b xonxe x nopHp;Ka /3, BocnojiBsoBaBrnncB npaBHjioM 
(loni) . IlocKOJiBKy g HMeex bh^; g{x) = ■j^p(|a:|), BBHp;y npep;jio>KeHHH El 


Arfa;) = 


X 


+ 1 


X 


,A^(x) = a|x|“ \/(p'(x)) = a|x|" \||p'(x)|| = 


X 

" +1 


X 



V fI 

H Ki^i3{x,g) = c(a) • |^| • 3aMexHM, hxo ecjiH G - npoHSBOJiBHaH KOMnaKx- 

Haa oOjiacxB b B" \ {0}, xo ||p'(x)|| ^ c{G) < oo, KpoMe xoro, Hexpyp,Ho BHp,exB, hxo 

|V 5 '(x)| ^ • || 5 '^(x)|| npH hohxh Bcex x G B"'\{0}. Torp;a BBHp;y HeyGBiBaHHH (|)yHKii,HH p 

BBinojiHeHo; J g{x)\)dm{x) ^ p{n^^‘^c{G))-m{G) < oo, x.e., g G W^''^{G). 3aMexHM, hxo 
G 

oxo6pa>KeHHe g HMeex KOHennoe HCKaHcenne, nocKOJiBKy ero HKoOnaH hohxh BCK)p;y ne panen 
HyjHO. riojiaraeM: Q = , xorp,a Q{x) ^ TaKHM oOpaaoM, nojiynaeM: 


n—1 


• a\x 


a—l 


/ {Q{x)r dm{x) ^ GP J 

B" B" 


= c^ f f I U dr = oOn-iGP [ , . (77) 

0 S{0,r) 0 

1 

Xopomo H3BecxHo, hxo HHxerpaji I \= J ^ cxop;hxch npn 7 < 1. TaxHM o6pa30M, HHxerpaji 

B npaBOH HacxH cooxHomeHHH d77|) cxo7;hxch, nocKOJiBKy noKa3axejiB cxenenn 7 := [n — 
l)(pa — 1) y7,OBjiexBop5iex ycjiOBHio 7 < 1 npn a G (0,n/p(n — 1)). Oxcio7;a BBixexaex, hxo 
Q(x) G LP{M^). 

Cjie7;yK)m;ee yxBepH<; 7 ;eHHe co 7 ;ep>KHx b ce 6 e 3aKjHOHeHHe o xom, hxo ycjioBHe fIlOp hbjih- 
eXCH He XOJIBKO 7 ,OCXaXOHHBIM, HO B HeKOXOpOM CMBICJie H Heo 6 x 07 ;HMBIM yCJIOBHeM B03MOJK- 
hocxh HenpepBiBHoro npo7;oji>KeHH5i oxoOpaHceHHH b HBOJinpoBannyio rpaHHHHyio xonxy. 

TeopeMa 8 . IlycxB p : [0, 00) —?• [0, 00) - npoHBBOJiBHan Hey 6 BiBaiom;aH cJayHKpHH, 
n — l<a^nHO<£o<l- Kaxyi^oH hbmophmoh ho JleGery (JiyHKpHH Q : B"’ —)■ 

£0 

[l,cx)], Q G L/oc(®”), TaKOH, HXO J 1 - < 00, HaH7,exc5i orpaHnnennoe oxoOpaxceHHe 

f G VP;J^^(B”\{ 0 }) c KOHeHHBiM HCKaxceHHeM, Koxopoe He Moxcex 6bixb npo7,oji>KeHo b xonxy 
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Xo = 0 HenpepMBHMM o6pa30M, npn 3 tom, f) ^ Q{x) n.B., r^e Q{x) - neKOTopaa 

H3MepHMaH no JleGery (|)yHKn,HH, xaRan nxo 

Qo{r) :=- [ Q{x)dH^-^ = qo{r) 

^n-l^ J 

S(0,r) 


fljin nonxH Bcex r G (0,1), r^e Un-i - njioma^B e^HKHnnon c(|)epBi b M"’. 

/JoKasameAhcmeo. Cnanana paccMoxpnM cjiynan a = n. Onpe^ejiHM oxoGpajKenne / ; 


\ {0} —)■ M"' cjieflyioni;HM o6pa30M: f{x) = Apd^l), r^e p{r) = exp s — / 


dt 

SaMexHM, nxo / G ACL n oxoGpajKenne / ^HcJicjDepeHpHpyeMo nonxn Bcio^y b B” \ {0} 

BBH^y XeXHHKH, H3JIO>KeHHOH nepefl cJiOpMyjIHpOBKOH JieMMBI [6], 


exp 


dt 


\\f'ix)\\ = 


|x| ^0 


exp 


X 




r dt 
N 






I \x\ ( 


. SaMexHM, nxo J(x, /) 7 ^ 0 npn nonxn Bcex x, Bnannx, / 


oxoGpancenne c KonennniM HCKancenneM. KpoMe xoro, oxmoxhm, nxo (p(|V/(x)|) G \ 

{0}), nocKOJiBKy ||/^(x)|| jiOKajinno orpannnena b B"" \ {0}, a 93 - neyGniBaron^an cJiynKpnn. 

IlyxeM nenocpe 7 i;cxBennBix BBinncjiennn y6e>K7i;aeMC3, nxo Kj{x,f) = god^^l), cm. cooxno- 

nienne (l60|) BBinncjiennH. 37i,ecB Kj{x,f) := Kj^n{x,f). IIojiaraeM Q{x) := god^^l); 

xor 7 i,a 6 y 7 i,eM hmoxb, nxo qo{r) = qo{r) 7 i;jih nonxn Bcex r G (0,1). HaKonep, 3 aMexHM, 

nxo oxoOpaJKenne / ne npo7i;oji>Kaexc3 no nenpepBiBnocxn b xonny xq = 0 BBH7i,y ycjiOBnn 
£0 

/ —^— < CX). 

0 

Tenepn paccMoxpnM cjiynan a G (n — 1, n). Onpe 7 i,ejiHM oxoCpancenne / : B** \ {0} —)■ M”' 
cjie7i;yioni;HM o6pa30M: 


X 


fix) = ^pdx|), 

X 


r^e 


pdx|) = 1 + 


n — a 


a 


dt 


ix — J. 
\ OL — 7i 

/ 


SaMexHM, nxo / G ACL n oxoOpaJKenne / 7i;H4)4)epenn;HpyeMO nonxn Bci 07 i;y b B” \ {0}. 
BBn7i;y xexnnnn, n3Jio>KennoH nepe^i, cJiopMyjinpoBKOH jieMMW [6], 


lif'ix)) = 


ll/'(^)ll = 

/ 

V 


/ 

n — a f 

1 + 


dt 






\ — 

\ a — r, 


1 

|x| 


1 + 


n — a 


dt 


\ 


n — 1 
a — n 


OL 1 j -f- ^ oi — 1 f x'\ 

ixi ^ ^0 ic y 


'(kl) 
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H 


/ 



J{x,f)= 1 + 


1 


V 



SaMexHM, HTo J{x, /) 7^ 0 npn non™ Bcex x, snaHHx, / - oxo6pa>KeHHe c KOHeHHtiM HCKaxce- 
HHeM. KpoMe xoro, oxmcxhm, hxo ip{\V f{x)\) G \{0}), nocKOJibKy ||/'(a;)|| jioKajibHo 

orpaHKHena bB”\{ 0}, a(/9 - HeyGbiBaiomaH (JiyHKpHH. IlyxeM Henocpe7i,cxBeHHBix bbihhc- 
jieHHH y6e>K7i;aeMC5i, hxo Ki{x,f) = god^^D- HojiaraeM Q{x) := god^;]), xor7i;a 6y7i;eM hmbxb, 
Hxo qo{r) = qo{r) noHXH Bcex r G (0,1). HaKonen,, saMexHM, hxo oxoCpaxceHne / ne 


npo7i;oji>Kaexc5i no nenpepniBHOcxH b xonxy xq = 0 BBH 7 i;y ycjiOBnn J —- < oo. □ 

0 


5.1 


Tenepn neMHoro noroBopnM o npnMepax KOJinpeBBix [p, Q)-oxo6pa>KeHHH na pnManoBBix 
MHoroo6pa3H3x. Tanne npnMepBi mbi 7i;a7i,HM b npe7i;ejiBHO oGmen (|)opMe, x.e., mbi yKanceM na 
yxBepxyz^enne, no3BOJi3ion];ee renepnpoBaxB no7i,o6HBie npnMepBi b nenoxopoM BH7i;e. Hpexc- 
7i;e Bcero, oxmoxhm pa6oxy [15] no oxoMy noB 07 i;y, r7i;e 6 bijio ycxanoBjieno xan na3BiBaeMoe 
nepanencxBO xnna Bniicnjin na pnManoBBix Mnoroo6pa3H3x 7i;ji3 Kon(|)opMnoro M07i;yji3 7i;ji3 
oxoGpajKennn c KonennwM ncKancenneM. Hama Gjinncanman pejiB - ycxanoBHXB nopoGnoe 
JKe nepanencxBO pjm npoH3BOJiBnoro nopnpna Mopyjm p, ne xojibko pjm oxoGpaJKennii c 
KonennwM ncKancenneM, no xannce n pjm nenoxopnix Gojiee oG m nx KjiaccoB, rpe xanne nepa- 
BencxBa b npnnpnne Moryx 6 bixb nojiynenni. 

HanoMnnM necKOJiBKo onpepejiennn. Bciopy pajiee mbi npepnojiaraeM, nxo oxoCpancenne 
/ coxpansiem opueHmaunw, x.e., xononornnecKnii nnpeKC /i (i/, f,G)>0 pjm npoH3BOjiBnoH 
oGjiacxn G <Z D xanon, nxo G G D, a npoH3BOJiBnoro y G f{G) \ f{dG), cm., nanp., jT|. 
HycxB f : D ^ M” - npoH3BOjiBnoe oxoGpancenne n nycxB cyipecxByex oGjiacxB G G D 
xanan, nxo • Torpa Bejinnnna p {f{x), /, G ), naBBiBaeMan AonaAhHUM 

monoAozuHecKUM undeKcoM, ne 3aBHCHx ox BBiGopa oGjiacxn G n o6o3nanaexcn chmbojiom 
i{x,f). HycxB a H - KpnBBie b xorpa BanncB a G f3 03nanaex, nxo a nBjmexcn 
nopKpHBOH KpHBOH (5. 


5.2 


PaccMoxpHM cjiepyioipee onpepejienne. HycxB a : [a, 6] —)■ M" - nenoxopan KpnBan. FoBopnx, 
nxo KpHBan a nojiynaexcn h3 kphboh f3 : [c, (£[ —)■ M” nocpepcxBOM eoapacmamvqeu saueHU 
napaMempa, ecjin nanpexcn BOBpacxaioipan cJiynKpHH h : [a, 6] —)■ [c, d] xanan, nxo a{t) = 
I3 o h{t). 

Cjiepyioipee yxBepncpenne poKa3ano b cjiynae npocxpancxBa M"" b Monorpacjinn m xeo- 
peMBi 2.4 H 2.6]. Xoxn nepenecenne 9 xhx pe3yjiBxaxoB na pnManoBBi Mnoroo6pa3Hn ne npep- 
cxaBjmex npoGjieM, papn nojinoxBi HBJiojKennn mbi npnnepeM nx poKa3axejiBcxBo b xencxe 


nojinocxBio. 
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TeopeMa 9. I. bchkoh cnpHMjiaeMOH kphboh a : [a, b] —)■ M” cyipecTByex e^nn- 
CTBennaH cnpHMjiHeMaa KpHBaa : [0, c] —)■ M"", nasBiBaeMaa nopMajiBHBiM npe^cxaBjieHHeM 

KpHBOH a, CO cjie^yroipHMH cBoficxBaMH; 

(1) a nojiynaexcH h 3 nocpe^cxBOM BospaoxaroipeH saMCHBi napaMcxpa. 

(2) Ecjih /(Q;°|[0,t]) osHanaex ^Jinny kphboh na oxpesKe [0,t], xo /(a'^l[0, t]) = t ^jih 

BCHKoro t G [0, c]. Bojiee xoro, c = /(a) h a{t) = q;° o /„(t) - cJiyHKpHH ^jihhbi kphboh 

a, a /(a) oGosHanaex ee ^jinny). 

II. Ecjih cnpHMjiHeMaH KpHBaa a nojiyHaexcH h3 P nocpe^cxBOM B03pacxaioiu;eH 3aMeHBi 
napaMcxpa, xo = P^. 

/JoKasameAhcmeo. /JoKanceM cnanajia nacxB I. IIpejK^e Bcero, noKanccM e^HHcxBCHHocxB 
KpHBOH, yflOBJieXBOpHIOmeH yCJIOBHHM (1) H (2). 

IlycxB la(t) := S{a, [a,t]) o6o3HaHaex ^Jinny kphboh Q;|[a,t], h nycxB a priori hbbccxho, 
Hxo KpHBaH y^oBjiexBopHcx ycjioBHHM (1) H (2). Ecjih a = o h, r^e h : [a,b] —)■ [0,c], 
xo HO onpe^ejicHHio ;];jihhbi kphboh jicxko bh^cxb hxo S{a, [a, t]) = S{a^, [0,/i(t)]) = h(t) 
npH npoH3BOJiBHOM tt ^ t ^ b. Oxcio^a h(t) = S{a,[a,t]) - oxo6pa>KeHHe h KOHKpexHo 
BBIHHCJIHCXCH, a 3HaHHX, KpHBaH e^HHCXBCHHa. 

IIoKajKeM cyipecxBOBaHHe xaKon kphboh a^. SaMcxHM, hxo ycjioBHc = la{t2) bjichcx, 

HXO Ha oxpe3Ke [^ 1 ,^ 2 ] KpHBan a hbjihcxcji hocxohhhoh, oxKy^a BBixcKaex cyipecxBOBaHHe 
oxo6pa>KeHH5i : [0, /(y)] —)■ M” xaKoro, hxo a = o la(t). 

IIoKaJKeM, HXO q;° nenpepBiBHa, h hxo bbihojihcho cooxHomcHHe /(Q;°|[0,t]) = t yjiH bch- 
Koro t G [0, /(a)]. 

IlpejKye Bcero, nycxB xoHKa Sq G [0,/(q;)] h nocjiey;oBaxejiBHOcxB Sk G [0,/(q;)] cxoynxcH 
K So npH k ^ 00 . He orpaHHHHBan o6 tti hocxh mojkho CHHxaxB, hxo s^ < Sq h nocjiey;oBa- 
xejiBHocxB Sk MOHoxoHHo B03pacxaex. Tory;a xaKHce Sk = la{tk), -Sq = la{to) neKoxopoH 
MOHoxoHHo B03pacxaioin;eH nocjiey;oBaxejiBHocxH xohck tk G [a, b.] Tory;a tk HMeex npeyeji: 
tk —)■ ti IipH /j —)■ CX). HoCKOJIBKy HO yCJIOBHK) la(tk) Sq = laipo), XO la(to) = laipl)- 
Cjiey;oBaxejibHo, a^{sk) = Oi{la{tk)) —)■ a(/a(ti)) = Q;(/a(to)) = tt°(<so) npn k ^ 00 , a oxo h 
03HaHaex, hxo oxoGpanceHHe nenpepBiBHo. 

HpoBepHM cooxHomeHHe /(Q;°|[0,t]) = t npn KancyoM t G [0,/(q;)]. ^jih oxoro cocxaBHM 

n—1 

cyMMy d{a^ itk+i) , oP{tk)) , to = 0, tn = t. 06o3HaHHM Tn - pa36HeHHe oxpe3Ka [0,t] 

k=0 

xoHKaMH 0 = to ^ H ^ ^ = ^- SaMexHM, HXO y;ji5i yKa3aHHoro paBGneHHH nanyexcH 

cooxBexcxByiomee pasGuenne oxpe3Ka [a, s], a ^ s ^ 6, xaKoe, hxo a = So^...^s = s„H 
ti = la{si), i = 1,2,... ,n. Tory;a, c o^hoh cxopoHBi, no onpey;ejieHHio yjiHHBi kphboh a na 
oxpe3Ke [a, s] 

n—1 

/(Q;°|[0,t]) = sup^ci(a°(4+i),Q;°(4)) = 

k=0 

n—1 

= snp'^d{a{la{sk+i)),a{la{sk))) ^ S{a, [a,s]) = t. (78) 

k=0 

C ypyroH cxopoHBi, yjiH bchkoxo e > 0 HaHy;excH paBGneHHe = {a = sq ^ si ^ ^ 
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n—1 

Sn = s} OTpeSKa [0,s] TOHKaMH Si TaK, HTO ^ d{a{la{sk+i)), a{la{sk))) ^ S{a, [a,s]) — £ = 

k=0 

t — e, HO Tor^a xaKHce Hafi^excH h paaGneHne - pasGneHHe cooxBexcxByioni;HMH xoHKaMH 
0 = to ^ ti ^ ^ tn = t XaK, HXO 

n—1 

/(Q!°|[0,t]) = sup^(i(a°(4+i),a°(4)) >t-e. (79) 

k=0 

Ha dTHj) H (1791) cjie^yex /(a°|[0,t]) = t, hxo h xpeGoBajiocB ycxanoBHXB. HynKx I ^oKaaaH. 

/JoKajKOM xenepB nacxB II. ^onycxHM, f3 nojiynaoxcH na a Boapacxaromefi aaMenofi na- 
paMexpa, xor^a a = (3 o h., r^e h - Boapaoxaron^aH cjDyHKpHH. Tor^a xaKHce a = f3^ o Ij^ o h, 
x.e., a nojiynaexcH na /3^ Boapacxaromeil aaMenofi napaMexpa, npaneM KaK a^, xaK h 
y^OBjiexBopaiox ycjiOBHio (2) HacxoHn^efi xeopeMBi. Ban^y e^HHCxaenHocxH (cm. nyHKX 
I) HMeeM: = f3^, hxo h xpeGoBajiocB ycxanoBHXB. TeopcMa ^oKaaana. □ 

5.3 

HycxB A C M - oxKpBixBiH HHxepaaji hhcjioboh npHMofl, 7 ; A ^ M"’ - jiOKajiBHO cnpHMjiH- 
CMaH KpHBaH. B xaKOM cjiynae, OHeBH7,Ho, cymecxayex e7,HHcxBeHHa5i HeyGaiBaiomaH cjDyHK- 
pHH 7;jiHHBi /.y : A —)■ A^ C M c ycjiOBHeM l.y{to) = 0, to G A, xaKaa hxo aHanenHe ly{t) 
paBHo 7;jiHHe no7;KpHBOH 7 kphboh 7 , ecjiH t > to, r 7;HHe no7;KpHBOH 7 co ana- 
KOM ecjiH t < to, t & A. HycxB (? : I 7 I —>■ M"" - nenpepBiBHoe oxoGpaJKenne, r7;e 
I 7 I = 7 (A) C M”'. npe 7 ;nojio>KHM, hxo KpHBaa 7 = (7 o 7 xaKJKe jioKajiBHo cnpHMjiaeMa. To- 
r7;a, OHeBH7;Ho, cymecxayex e7,HHcxBeHHa5i HeyGaiBaion^aH (JiyHKpHH ^ : A.^ —)■ A;^ xaKaa, 
HXO L.y^g {l.y (t)) = (t) HpH BCCX t G A. 

SaMenaHHe 2 . Hycxa 7 : [a, b] —>■ M"" cnpHMjiHeMaa KpHBaa. SaMcxHM, hxo cBOHcxaa 
(JiyHKpHH L.yj MejK7;y naxypajiBHBiMH napaMcxpaMH l.y{t) h l^{t) (jioKajiBHo cnpHMjiHeMBix) 
KpHBBix 7 H 7 xaKHx, HXO ^ = f o 'J, cymecxBCHHo He aaBHCHx ox BBiGopa to G {a,b). B 
cjiynae aaMKHyxoH kphboh 7 mbi 6y7;eM cHHxaxb, hxo to = a, nocKOJiBKy npn aa7;aHHOM 
to G (a, 6 ) BbiHOJiHeHo paBencxBo S'( 7 , [a,t]) = 5(7, [a, to]) + l-yit). Hycxa / = [a,b]. ^jih 
cnpHMjiHeMoii kphboh 'j : I ^ M", kbk h BBime, onpe7;ejiHM 4 )yHKH;Hio 7 ;jihhbi l.y{t) no 
cjie7;yioHi;eMy npaBHjiy: l.y{t) = S (7, [a, tj), r7,e S{'y, [a,t]) oGoananaex 7;jiHHy kphboh 7 1 [„,*]• 

KpHBaH 7 HaaBiBaexcH (uoahum) nodunmueM npueou 7 npu omodpa^fcenuu f : D ^ M”, 
ecjiH 7 = / o 7 . 

Cjie 7 ;yion];ee onpe 7 ;ejieHHe nrpaex BajKHyio pojiB npn Hccjie 7 ;oBaHHH npocxpaHcxBeHHBix 
oxoGpajKOHHH (cm., Hanp., [TT| onpe 7 ;ejieHHe 5.2] jih 6 o [3l paa^;. 8.4]). FoBopax, hxo oxoGpa- 
jKeHHe / ; D —)■ M” npHHa 7 ;jie>KHx Kjiaccy ACPp b oGjiacxn D {adcoArnmno nenpepueno na 
noHiriu ecex npueux omHocumeAhHo p-ModyAH b oGjiacxn D), HHmeM / G ACPp, ecjin 7 ;jih 

p-HOHXH Bcex KpHBBIX 7 B oGjiaCXH D KpHBaH 7 = / O 7 JIOKajIBHO CnpHMJIHCMa H (JiyHKpHH 
7 ;jiHHBi 7 ^ 7 ,/, BBe 7 ,eHHaH BBime, aGcojiioxHo nenpepBiBHa na Bcex aaMKHyxBix HHxepBajiax, 
jieJKamHX B A^, 7 ;jiH p-nonxH Bcex KpHBBix 'j b D. 
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KaK yjKe 6t,ijio saMeneHo Bbime, cbohctbo ACPp BecBMa Ba>KHo npn HayneHHH neKoxopBix 
cnepnajiBHBix npo6jieM xeopHH oxoGpaxceHHH. Tbm ne Menee, nanGojiBinee aHaneHne HMeex 
CBOHCXBO, oGpaxHoe k ACPp, Koxopoe Gy^ex BBe^eno HHJKe. IIpe^^nojiojKHM, hxo f : D ^ M” 
- flHCKpexHoe oxo6pa>KeHHe, xor^a (KoppeKxno) Moacex 6 bixb onpeflejiena cJiyHKpHH ^ 
xaKOM cjiynae, Gy^eM roBopnxB, hxo / oGjia^aex ceoucmeoM ACPp~^ b oGjiacxn D C 
HHineM / G ACP~^, ecjiH ^jia p-noHXH Bcex kphbbix 7 G f{D) Ka>K7;oe no^naxHe 7 KpHBoil 
7 npH oxoGpaxceHHH /, / o 7 = 7, HBjiaexca jioKajiBHo cnpjiMjiaeMOH kphboh h, xpoMe xoro, 
oGpaxnaa (l^yHKpHa L“ ^ aGcojiioxHo nenpepBiBna na Bcex aaMKHyxBix HHxepBajiax, jiejKaipHx 
B 7,ji5i p-noHXH Bcex kphbbix 7 b f{D) h Ka>K7;oro no7;HHXH5i 7 kphboh 7 = / o 7. IIpH 
p = n HOJiaraeM ACP~^ := ACP^^. HMeex Mecxo cjie7;yioin;ee yxBepjK^eHne. 

TeopeMa 10. HycxB D C I - oxkpbixbih, nojiyoxKpBixBiH hjih aaMKHyxBiH KoneHHBiH 
HHxepBaji BeipecxBeHHOH npHMofi, p > 1 , f : D ^ M” - oxKpBixoe 7;HCKpexHoe 7;H(|)(|)epeH- 
pnpyeMoe hohxh Bcio7;y oxo6pa>KeHHe, / G ACPp^, o6jia7;aioin;ee N h A^“^-cBOHcxBaMH 
JlysHHa, r - ceMeficxBo kphbbix b D,r' - ceMencxBo kphbbix b M” h m - naxypajiBHoe hhc- 
jio, xaKoe Hxo BBinojiHeno cjie7,yioiii;ee ycjioBHe. ^jih Kaxc^oH kphboh /3 E T', /3 : I ^ M", 
HaH7;yxcH KpHBBie ai ,ceMencxBa F xanne hxo f o aj <Z (3 7;jih Bcex j = 1 ,... ,m, 
H, KpoMe xoro, npn KaJK7;oM cJiHKCHpoBaHHOM x E D b Ka>K7;oM (|iHKCHpoBaHHOM t E I 
paBeHCXBO BH7,a djit) = x bosmojkho jihhib ne 6ojiee, hom npn i{x, /) HH7;eKcax j. Tor7;a 

Mp(r') < i [ Ki^p{x,f) ■ ff{x)dv{x) ( 80 ) 

m J 

D 

7 ;jiH JiioGoro ceMeflcxBa F kphbbix 7 b D h Ka>K 7 ;oH p E admF. 

OxMexHM, HXO cnpaBe7;jiHBOcxB xeopeMBi [10] b R” npn p = n b orpaHHHeHHofl cJiyHKpHH 
Kj{x,f) OBijia ycxaHOBjiena K). Bhhchjih b 1972 r. (cm. [3 xeopeMa 9.1 rji. 11], O xeope¬ 
Ma 8.6]) H [T^ xeopeMa 7]. HepaBencxBo xnna Bhhchjih nrpaex BaxcHeHinyio pojiB npn hc- 
cjie7,OBaHHH oxo6pa>KeHHH; 7 ;jih nac oho BaxcHo, cKaxceM, xeM, hxo KaK MHHHMyM npH m = 1 
MBi HMeeM 7;ejio c npHMepoM kojibpobbix {p, Q)-oxo6pa>KeHHH, npHBe7;eHHOM b neKoxopoM 
oGipeM BH7;e. 

5.4 

/Ijih 7;oKa3axejiBcxBa xeopeMBi [10 ] hbm noHa7,o65ixcH neKoxopBie 7;onojiHHxejiBHBie CBe7;eHH5i, 
iipHB07;HMBie HHHce. HycxB E - MHoxcecxBo b M” h 7 ; A —)■ M” - HeKoxopaa KpHBaa. 
06o3HaHHM Hepea 7nF^ = 7 (A)ni 7. HycxB KpHBaa 7 jioKajiBHo cnpHMjiHeMa h cJ^yHKpHH 
7;jiHHBi l.y{t) xaKOBa, KaK 6bijio onpe7;ejieHo b npe7;Bi7;yiii;eM naparpa(|ie. HojiaraeM 

/ (7 n E) := mi (E^), E.y = l.y {E)) . 

37;ecB H 7;ajiee mi (H) oOoBHanaex 7;jiHHy (jiHHeHHyio Mepy JleOera) MHoxcecxBa H C R. 
SaMexHM, HXO 


^7 = 7o ^ (E) , 
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r^e 7 o : —)■ M" - HaTypajibHaH napaMexpHsapHa kphboh 7 , h hto 

/ (7 n E) = y xe{x) \dx\ = j Xe-,{s) dmi{s ), 

7 

CM. m pasT,. 4, c. 8]. Cjie 7 ;yioiii;ee yTBep7K7;eHHe cBasBiBaex cBoflcxBa (|)yHKn;HH 7 ;jihhbi 
JIOKajIBHO CnpjIMJiaeMOH kphboh CO CBOHCXBaMH npOH3BOJIBHOrO H3MepHMOrO MHOHCeCTBa B 

M” (cm. (HI xeopcMa 9.1]). 

npe/i,Jio:a<;eHHe 7. IlycTB p > 1, E - mhotkcctbo b oGjiacxH D C M"^, n > 2. Tor 7 ;a 
MHOJKecTBo E H 3 MepHMo oTHocHTCJiBHo McpBi o 6 x.eMa V Tor 7 ;a H TOJiBKo Tor 7 ;a, Kor 7 ;a mho- 
TKCCTBO X E H3MepHMO p-HOHTH BCCX KpHBBIX 7 B H. BojICC TOXO, v{E) = 0 TOr 7 ;a H 
TOJIBKO Tor 7 ,a, Kor 7 ,a l{x H E) = 0 7 ,Ji 5 i p-noHXH Bcex kphbbix j b D. 


5.5 

^ajiee I oBHanacT otkpbitbih, BaMKHyxBiH hjih nojiyoxKpBixBiH kohchhbih HHxepBaji hhcjio- 
BOH ocH. Cjie 7 ;yioiu;ee onpe 7 ;ejieHHe mojkct 6bitb HaH 7 ;eHo b [71 n. 5, rji. II]. 

5.6 

IlycTB /:/!—>■ M” - 7 ;HCKpeTHoe oTo6pa>KeHHe, /3 : Jq —)■ M” BaMKHyxaH cnpHMjiHeMaH 
KpHBan B a : I ^ D KpHBan xaKaH, hto f o a <Z (d. Ecjih cJiyHKpHH 7 ;jihhbi Ip ■. Iq ^ [0, /(/9)] 

HOCTOHHHa Ha HCKOTOpOM HHTCpBajie J C /, TO /5 HOCTOHHHa Ha J H, B CHJiy 7;HCKpeTHOCTH 
/, KpHBaH a TaKJKc HocTOHHHa Ha J. Cjie 7 ;oBaTejiBHo, cymecTByex e 7 ;HHCTBeHHaH KpHBaH 
a* : lp{I) —)■ D TaKaa, hto a = a* o {lp\i). By 7 ,eM roBopHXb, hto a* HBjiHexcH f-npedcmae- 
ACHueM npueou a omnocumeAhHO jd. SaMCTHM, hto /-npe7,CTaBjieHHe a* h HopMajiBHoe 
npe7;cTaBjieHHe a^, Boo6iu;e roBopn, pa3HBie o6T.eKTBi. 


5.7 

Cjie7,yioiLi;ee yTBepjK^eHHe co7;ep7KHT b ce6e KpHxepHH BBinojiHCHHa cBoilcTBa ACP~^ oto6- 

paJKeHHH B TCpMHHaX aGcOJHOTHOH HCnpepBIBHOCTH COOTBCTCTByiOipHX KpHBBIX (pCByjIBTaX 
7,OKa3aH aBTopaMH pa6oTBi). 

JleMMa 8. /I,HCKpeTHoe oToGpajKCHHe / : H —?• M” o 6 jiacTH D C M” o 6 jia 7 ;aeT ACP~^- 
CBOHCTBOM HpH HCKOTopoM p > 1 Tor 7 ;a H TOJIBKO Tor 7 ;a, Kor 7 ,a KpHBaa 7 * HBjiaeTCH cnpHM- 
JIHCMOH H aGcOJIIOTHO HCHpepBIBHOH 7;jI5I p-HOHTH BCCX 3aMKHyTBIX KpHBBIX 7 = / O 7. 

Tyx H 7;ajiee 7* oBHanacT /-npe7;cTaBjieHHe kphboh 7 no othohichhio k 7. 

JdoKaaameAhcmeo. Heo6xoduMocrm>. IlycTB / o 6 jia 7 ,aeT AC P~^-cbobcxbom. Tor 7 ;a, bo- 
nepBBix, onpe 7 ,ejieHa KoppcKXHO 7;ji5i p-noHXH Bcex kphbbix 7 tbkhx, hto 7 = / o 7- 
Bo-BTOpBIX, KpHBaH 7 * HBJIHeTCH CHpHMJIHeMOH 7,JI5I p-HOHTH BCCX 3aMKHyTBIX KpHBBIX 7 
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KaK TOJibKO 7 = / o 7, nocKOJibKy ( 7 *)° = 7 ° (cm. xeopeMy [9]). KpoMe xoro, p-noHXH 
Bcex saMKHyxbix kphbmx 7 h Bcex 7 , xaxHx hxo 7 = / o 7 , mbi nojiynacM 


7(t) =7*0 =7% l ^{ t ) = 7° o (/^(t)) . 


Hojiaraa l^{t) := s, mbi nojiynacM 


7 *(s) =jOoL^j{s). 


TaKHM o6pa30M, KpHBaa 7 * aGcojiioxHo nenpepBiBHa, nocKOJiBKy L^j{s) a 6 cojiioxHo nenpe- 
pBIBHa H 


c^(7°(^i),7°(^2)) < \tl -t2 


7 ;ji 3 Bcex ti,t 2 G [0,/(7)]). 

/HocmamoHHOcm'b. IIocKOJiBKy oxo6pa>KeHHe / 7;HCKpexHO, cJiynKpHa L~j KoppcKXHO onpe- 
7,ejieHa p-noHxn Bcex 7 h bccx 7 xaxnx, hxo 7 = /07. CorjiacHo npe7;nojio>KeHHio, KpHBaa 
7* cnpaMjiacMa 7 ,Ji 5 i p-noHXH Bcex saMKHyxBix kphbbix 7 = / o 7; b HacxHocxH, 7*° = 7°. 
Bojiee xoro, 7;ji3 xaxnx kphbbix ly*{s) = L~j{s). 

rioKaJKOM, HXO H3 yCJIOBHH a6cOJIIOXHOH HenpepBIBHOCXH KpHBOH 7* BBIXCKaeX aGcOJIIOX- 
Haa HenpepBiBHOcxB cJiyHKpHH L~j{s) (cm. anajiorHHHoe 7,OKa3axejiBCXBO 7,Ji5i cjiynaa npo- 
cxpaHcxBa b m xeopcMa 1 . 3 ]). Hcxo7;h h 3 aGcojiioxHOH nenpepBiBHocxH 7*, 7;jih jiioGoro 
e > 0 HaH 7 ,eM 6 = S{e) xaKoe, hxo 7,ji5i jiio6oh chcxcmbi HenepeceKaiomHxcH HHxepBajioB 

k 


Aj = {ai, (3i) C [0,/(7)], i = xaKHx, hxo X](A ~ ^i) < bbihojihcho nepaBCH- 


2=1 


cxBo ^7’'^ ^y ® npe>K7;e, - reo7,e3HHecKoe paccxoHHHe b 

2=1 

IlocKOJiBKy /(7*|Ai) = ~ ^7*(«i); Ka>K7;BiH HHxepBaji Aj MOJKCx 6 bixb npe7;cxaBjieH b 

BH7,e Aj = 1J(«P) Aj) TaK, hxo 


^rf(7*(aij),7*(/3ij)) ^ / 7 AA) - A*(«i) -e/k. 
j 

Cjie7,OBaxejiBHo, 

k 

X](A*(A) - ^ '^d{i*{<^ij)y'y*Wij)) + £ < 2£, 

i=l i,j 


oxKy7;a h BBixcKaex aGcojiroxHaa nenpepBiBHOcxB cJjyHKpHH 7 ,jihhbi k*{s) = L~j{s). 

IlyCXB Fi - CCMCHCXBO BCeX 3aMKHyXBIX KpHBBIX a = f o a B o6jiaCXH f{D) XaKHX, HXO 
KpHBaH a* jih6o hc cnpHMjiaeMa, jih6o (|jyHKii,H5i L“j(s) ne aGcojiioxHo nenpepBiBHa. IlycxB 
r - CCMCHCXBO BCCX KpHBBIX 7 = / O 7 B o6jiaCXH f {D) , XaKHX HXO 7 JIh6o HC JIOKajIBHO 
cnpHMjiHCMa, jih6o cJjyHKpHH L~j{s) HC JIOKajIBHO aGcojiioxHo HcnpcpBiBHa. Tor7;a F > Fi h, 
cjic7;oBaxcjiBHo, iWp(F) < Mp(Fi) = 0, hxo h xpcGoBajiocB 7,oKa3axB. □ 
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5.8 

HanoMHHM, HTo oTo6pa>KeHHe ip : X ^ Y Meac^y MexpHHecKHMH npocxpaHCTBaMH X h 
Y HasbiBaexcji Aunmu%eeuM, ecjiH dist {ip{xi), ^{.^ 2 )) < M ■ dist (xi, X 2 ) npn neKoxopoH 
nocxoHHHoii M < 00 h Bcex Xi,X 2 G X. FoBopax, hxo oxodpaxceHne ip : X ^ Y ne- 
AHemcR 6uAuniuuV)eeuM, ecjin: Bo-nepBBix, oho HBjiHexcH jiHnniHpeBBiM, Bo-Bxopnix, M* ■ 
dist (xi, X 2 ) < dist {ip{xi), ip{x 2 )) npn neKoxopoH hocxohhhoh M* > 0 h Bcex xi,X 2 G X. 

Cjie^yioniHH peayjiBxax ^oKaaan b MOHorpacJiHH j 3 l paa^. 8, jieMMBi 8.2 h 8 . 3 ]. 

IIpefljiojKeHHe 8. IlycxB oxodpaxceHne f : D ^ R” hohxh Bcio^y flH(|)(|)epeHii;HpyeMo 
H odjia^aex N h A^“^-cBOHcxBaMH JlysHHa. Tor^a Hafi^excH ne dojiee hom cnexHaH nocjie- 

00 

flOBaxejiBHocxB KOMnaKXHBix MHOJKecxB C D, xaKaH Hxo m{B) = 0, r^e S = D \ IJ 

k=l 

H f\cp BsaHMHo o^HoanaHHo H dHjiHHHiHpeBo fljiH KajK^oro k = 1 , 2 ,.... Bojiee xoro, / 
^HcJicJiepeHpHpyeMO npn Bcex x G h BBinojiHeno ycjiOBHe J{x, f) 7^ 0 . 

5.9 

^OKASATEJtbCTBO TEOPEMbi 1101 IlycxB MHOJKecxBa B H - MHOJKecxBa B odjiacxH D 
Ha MHoroodpasHH M"', cooxBexcxByioHi;He npe^jiojKeHHio [HI IIojiaraeM Bq = B, Bi = C^*, 
B 2 = C*\B,..., 

k-l 

Bk = A-vIJb,. 

l=l 

TaKHM odpaaoM, mbi nojiyHHM ne dojiee, hom cnexHoe noKpBixHe odjiacxH D dopejieBCKHMH 
MHOHcecxBaMH Bk, k = 0,1,..., npHneM Bi D Bj = 0 npn I ^ j r m{Bo) = 0, r 7 i;e Bo = 

00 

D\ IJ Bk. riocKOJiBKy oxodpajKeHHe / odjia^aex A^-cbohcxbom, nojiynaeM m{f{Bo)) = 0. Ho 

k=l 

npe^jiojKeHHK) [7|/ (7 fl /(i?o)) = 0 p-n.B. kphbbix 7 b odjiacxH f{D). Cjie 7 ,OBaxejiBHo, 
7°(s) ^ /(-Bo) flJiH p-HOHXH Bcex aaMKHyxBix kphbbix 7 b odjiacxH f{D) h hohxh Bcex 
s G [0, ^(7)]; 37 ,ecB 7°(s) odosHanaex HopMajiBHoe npe 7 ;cxaBjieHHe kphboh 7(5). KpoMe xoro, 
HO jieMMe [ 8 ] KpHBaH 7 *, HBjiHiomaHCH /-npe 7 ;cxaBjieHHeM kphboh 7 , adcojiioxHo nenpepBiBHa 
7 ;jih p-HOHXH Bcex aaMKHyxBix kphbbix 7 = / o 7 . 37;ecB /-npe 7 ;cxaBjieHHe 7* kphboh 7 
KoppeKXHO onpe 7 ;ejieHO 7 ;jih p-nonxH Bcex kphbbix 7 = /07, nocKOJiBKy no npe 7 ;nojio>KeHHio 
/ - 7 ;HCKpexHoe oxodpajKonne. 

riycxB xenepB F 1 - ceMencxBo Bcex kphbbix 71 b M”, 7;jih KoxopBix cyipecxByex cnpjiMjiHe- 
MaH aaMKHyxaa no7;KpHBaH fii, fii = f o ai, xanasi hxo /-npe7;cxaBjieHHe kphboh ai jindo 
He HBjiHexcH cnpHMjiHeMOH KpHBoii, jindo ne HBjiHexcH adcojiioxHo nenpepBiBHOH kphboh. 
OdoanaHHM nepes F2 ceMencxBo Bcex aaMKHyxBix cnpjiMjiHeMBix kphbbix / 92 , 1^2 = f ° 0:2, 
xaKHx HXO /-npe7;cxaBjieHHe kphboh 02 Jindo ne HBjiHexcH cnpHMjiHeMoil kphboh, jih- 
do He HBjiHexcH adcojiioxHo nenpepBiBHofl kphboh. Ilo 7 ,oKa 3 aHHOMy BBi iii e Mp(F2) = 0. C 
flpyroii cxopoHBi, Fi > F2 h, cjie7;oBaxejiBHo, Mp(Fi) < Mp(F2) = 0. HaKoneii,, nycxB F3 
- ceMeficxBo Bcex jioKajiBHo cnpHMjiHeMBix kphbbix b M”, KoxopBix HaH 7 ;exc 5 i no7,KpH- 
Baa /S3, /S3 = f o as, xanaa hxo /-npe7,cxaBjieHHe a/ kphboh as jindo ne HBjiHexcn jioKajiBHo 
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cnpjiMjiaeMOH KpHBoii, jih6o ne HBjiaexca jioKajiBHo aGcojiroxHo nenpepBiBHofi kphboh. Tor^a 
Fs > Fi H, cjie^oBaxejiBHo, Mp{V^) < Mp(Fi) = 0. 

FlycxB p G admF. FIojiaraeM 


p*{x) 


p{x)/l{x,f), xeD\Bo, 
0, X E Bq , 


F^e, KaK H paHBine, l{x,f) onpe^ejieHo BxopBiM cooxHomeHneM b ([2]). PaccMoxpHM cjie^yio- 
myio (JiyHKpHio: 

Ky) = — ■ Xf{D\Bo){y) sup V p*{x), (8i) 

r^e C npo6eraex Bce no^MHOJKecxBa f~^{y) b D \ Bq, KOJiHnecxBo 3jieMeHxoB KoxopBix ne 
dojiBine in. SaMexHM, hxo 

1 * 

p{y) = —-sup Vpfc.( 2 /), (82) 

m 

2=1 

r^e sup B (1821) depexcu no bcom bosmojkhbim nadopaM {ki^, ... ,kij\ xaKHM, nxo i G N, fcj G N, 
ki 7^ kj npn i ^ j, Bcex s < m n 


Pk{y) 


p* {fk \y)) > y e fiBk), 

0 , y^fiBk), 


a Ka>K 7 i,oe h 3 oxodpancennH fk = /|bj., k = 1,2,..., HHx.eKXHBHo. Ha (]82|) cjie^yex, nxo 
(JiyHKpHH 'p{y) nBjinexcH GopejieBCKon, nocKOJiBKy MHoxcecxBa f{Bk) GopejieBCKne, cm. |35[ 
pa3^. 2.3.2]. HycxB f3 - nponaBOjiBnan upnaan ceMeiicxBa F'. Ho ycjiOBHio HaH 7 i;yxc 5 i KpnBBie 
(Xi,..., (Xm ceMCHcxBa F, xaKHe, nxo f o aj <Z fi ^jih bccx j = 1, 2,..., m, n npn xanc^oM 
4)HKCHpoBaHHOM X E D B t E I paBCHcxBo cXj(t) = X cnpaBe^jiHBo ne Gojiee, ncM npn i{x, f) 
HH 7 i;eKcax j. 

HoKaJKOM, nxo (jDynKpnn p G admF' \ Fq, r 7 i,e Mp(Fo) = 0. Bea orpaHnnennH od uT Hocxu 
MOJKHO cnnxaxB, nxo Bce KpnBBie /3 ceMencxBa F' jioKajiBno cnpuMjineMBi (cm. [TTl paap;. 6, 
c. 18]). HycxB P - aaMKnyxan KpnBan n : [0,/(/9)] M” - nopMajinnoe npep,cxaBjienHe 
KpHBOH (3, f3{t) = (3^ o I^{t). 06o3nanHM cHMBOJiaMH a*{s) \ Ij ^ D cooxBexcxByiomne /- 
npe7i;cxaBjienH5i KpnBBix aj oxnocnxejiBno KpHBoii (3, x.e. ajit) = a*olp(t), t E Ij, f°C(* C /3^. 
06o3nanHM 


hj{s) = p* {a*{s)) xij{s) , sG[0,/(/?)], := {j : s E Ij} . 

HocKOJiBKy no npep;nojio>KenHio f3^{s) ^ /(-Bq) npn nonxn Bcex s E [0,Z(/9)], npn sxnx nee 
s xonKH q:*(s) E f~^(/3^(s)), j E Jg, UBjinioxcn paajinnnBiMH npn paajinnnBix j BBH 7 i,y 
ycjiOBHH: (Xj(s) = x ne 6 ojiee, neM npn i{x, f) Hn 7 i;eKcax j. Tor 7 i;a, no onpep;ejienHio cJiynKpHH 
p B flSTl) . npn nonxn Bcex s G [0, l{(3)] 

m 

p(/3°(s)) > — ■ 5^/ij(s). 


(83) 
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Ha cooTHomeHHH (18^ nojiynaeM 

m 

J p{y) \dy\ = j p(/^°(s)) ds > 

y 0 



OcTajioct. noKaaaxb, hto 

J p* {a*(s)) dmi{s) > 1 (85) 

h 

fljia p-noHTH Bcex KpHBtix /3 G r'. HocKOJiBKy, corjiacHO c^ejiaHHOMy BBime npe^nojicace- 
HHK), KpHBaH /9°(s) jioKajiBHo cnpHMjiaeMa, ^HcJicJiepeHpHpyeMa non™ Bcro^y no s G /, 

nxo BBixeKaex, nanpnMep, na xoro, nxo jioKajiBHo jinnmnpeBa oxnocnxejiBHo coGcxBenno- 
ro naxypajiBHoro napaMexpa b jioKajiBHwx Koop^^nnaxax. KpoMe xoro, corjiacno cKaaannoMy 
BBime, KpHBan a* na /-npeflcxaBjiennn KpnBon (3 nBjinexcn jiOKajiBHO aGcojnoxno nenpepniB- 
HOH. SaMexHM xaKJKe, nxo na ycjioBnn /9°(s) ^ /(-Bo) npn nonxn Bcex s G [0, /(/9)] BBixeKaex, 
nxo a*{s) ^ Bq npn nonxn Bcex s G Ij n, cjie^OBaxejiBno, nponaBo^nwe /' (q;/(s)) h a*'{s), 
nonHMaeMBie b jiOKajiBnwx Koop^nnaxax, cyipecxByiox npn nonxn Bcex s G Ij. VnnxBiBan 
CKaaannoe BBime n ncnojiBaya cJoopMyjiy ^Jin nponaBo^non cynepnoanpnn cJoynKpnn, a xannce 
xox (joaKX, nxo Mo^yjiB nponaBo^non no naxypajinnoMy napanexpy b jiOKajiBnwx Koop^nna- 
xax paBen e^nnnpe (cm. [HI nynnx (5), xeopeMa 1.3]), nojiynaeM cne^yroipee cooxnomenne: 


1 


(/ o a/)' (s) 


|/' (a;(s)) a;'(s)| = 


/'(«;(s)) 


a;'{s) 


|a;'(s)| 


|a/'(s)| > I (a/(s),/) • |a/'(s)| . 


Ha (18^ cjie^yex, nxo 




( 86 ) 


(87) 


VnnxBiBan a6cojiioxnyio nenpepwBnocxB KpnBoii a/, na fl87|) . no onpe^ejiennio cjoynKpnn p 
nojiynaeM 


1 < / p{x)\dx\ = / p(a;*(s)) ■ \a*'{s)\dmi{s) < p* (aj('S)) dmi{s) 


( 88 ) 


Ha flSS]) BBixeKaex cooxnomenne (155]) . OGipnH cjiynan, Kor^a (3 ne oGnaaxejmno aaMKnyxan 
KpnBan, nojiynaexcn BanxneM sup no bcom aaMKnyxBiM no;i;KpnBBiM (3' KpnBon (3 b BBipance- 

nnn J ]){ii)\dy\. Cjie^OBaxejmno, cJiynKpnn p G admr' \ Fq, rp;e Mp(To) = 0 n, anannx, 

3' 


[ P^{y) dv{y). 

f{D) 


Mp{V') < 


(89) 
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BBH^y m jieMMa 8] nojiynaeM 

[ Ki^p{x, f) ■ fP{x) dv{x) = j p{{y) dv{y). ( 90 ) 

Bk f(D) 

SaMexHM xaKJKe, hxo no nepaBencxBy Fejin^epa ^jin cyMM 

oi) 

\ i=l / i=l 

fljin npoH3BOJiBHoro 1 < s < m n jiio6oro naGopa {fci,..., kg] ^jihhbi s, 1 < i < s, fcj G N, 
ki 7 ^ fcj, ecjiH i 7 ^ j. Tor 7 i;a no xeopeMe o6 a^nxHBnocxn nnxerpajia JleGera, cm., nanp., [Ml 
xeopcMa 12.3, §12, paa^. I], h 3 fl89|) . (I90|) n (IM]) nojiynacM, nxo 


^ [ Ki^p{x, f) ■ ff{x) dv{x) = / ^pi{y)dv{y) > 

m J Bx J 

D f{D) 


> 


m J fei6N, ^ 

f{D) *—J- 


sup pl^{y) dv{y) > / pP{y)dv{y) > 


f{D) 


>Mp{T'). 


TeopcMa 7i,oKa3ana. □ 


Cjie 7 i,CTBHe 3. IlycxB D C M"’, p > 1, / : H —)■ M” - oxKpnixoe p;HCKpexnoe p;H(|)(|)e- 
penpnpycMoe nonxn Bcio7i;y oxoGpajKcnne, / G ACP~^^ o 6 jiap;aioni;ee N n A^“^-cBOHcxBaMH 
Jlyanna. Tor7i;a / nBjinexcn KOJinpcBBiM (p, (5)-oxo6pa>KenHeM b Ka>Kp;oH xonne Xq E D npn 
Q := Ki ^ p { xJ ). 


6 06 OTKpbiTOCTH H ^HCKpeTHOCTH OTo6pa:»ceHHH, y/],o- 

BJieTBOpHK)III,HX «o6paTHOMy» MO^yjIBHOMy HepaBGHCTBy 

/I,o CHx nop Mbi npep,nojiarajiH paccMaxpnBaeMbie naMn oxoCpancenna oxkpbixbimh h p;hc- 
KpexnbiMH, ne 3ap;aBaHCb BonpocoM, BbixcKaiox jin ycjiOBnn oxKpnixocxn n p;HCKpexnocxH na 
onpep;eji5noni;ero cooxnomennn (UBi. Heo6xop,HMo oxMexHXb cyn^ecxBOBanne p;oBOJibno npo- 
cxbix npHMepoB oxoGpaJKennn xaxnx, nan oxpajxenne oxnocnxejibno (JiHKCHpoBannoH rn- 
nepnjiocKocxH, Koxopnie noKaaniBaiox, nxo oxbcx na nocxaBjiennbin Bonpoc, Boo6ni;e roBopn 
oxpnpaxejibnbiH. Ecjih jkc najioJKHXb 7 i;onojinHxejibnoe xpeGoBanne coxpanennn opnenxapnn 
oxoGpajKenncM b 3ap;annoH oGjiacxn, xo oxox oxbcx Kancexcn ynce cobccm ne oneBHp;nbiM. 

TTo-Bn n nMOMy, ynoMnnyxan npoGjiCMa ne peniena n no cen 7i,enb 7i;a>Ke b npocxpancxBe MP, 

H 7 i;a>Ke b cjiynae orpannnennbix cJiynKpHH. (Oxmcxhm, nxo oxoGpancennn c orpannnennniM 
HCKancenneM, nan naaecxno, oxKpnixbi n p;HCKpexnbi, cm. nanp., jU xeopcMbi 6.3 n 6.4, rji. II]). 
Tcm ne Menee, naM yp;ajiocb ycxanoBHXb cjiep;yK)ni;HH, na nani Barjinp,, Bancnnin peayjibxax: 


52 


ecjiu coxpaHRjo'mee opuenmavpiio omo 6 paoiceHue na MH 030 oo 6 pa 3 uu ydoejiemeopjiem nepa- 
eencmey, «o 6 pamHOMy» k / fTI]) . a (fiyunyun Q ydoeAemeopnem odnoMy U3 yHacmeymui,ux 
panee ycAoeuu, mo oho fieAfiemcfi omKpumuM u ducKpemnuM. Hnace mm ytohhhm cmmcji 
cjioB «o6paTHoe HepaBeHCTBo», a xaKJKe ^oKajKeM yKaaaHHoe yxBepjK^eHHe b HanGojiee o6- 
TTT Bx npe^nojiojKeHHax na Q. 

Ecjih f : D ^ - sa^aHHoe oxo 6 pa>KeHHe, xo (|)HKCHpoBaHHoro j/o G f{D) h 

npoHSBOJiBHBix 0 < Xi < r 2 < CX3 o6o3HaHHM Hcpes r(|/o,ri,r 2 ) ceMeiicxBo Bcex kphbbix 7 b 
o 6 jiacxH D xaKHx, hxo /(y) G T{S{yo,ri), S{yo,r 2 ), A{yQ,ri,r 2 )). PaccMoxpHM HepaBencxBo 



(92) 


/(C) 


BBinojiHeHHoe jiioGoh HeoxpnpaxejiBHOH nsMepHMOH no JleGery (|)yHKn,HH rj : (ri,r2) 
[ 0 , 00] xaKOH, nxo 



(93) 


OcHOBHoii Bonpoc, Hccjie7;yion];HHC3 b nacxonmeM pa37;ejie, cjie 7 ;yion];HH: 

nmo MoofCHo cKa3amt> hoahhuu ceoucme omKpumocmu u ducKpemnocmu omo6pacHceHUA 
/, ydoeAemeopAwmeso oyeuKe euda / fP^) npu ueKomopoM n — 1 < p ^ n ? 

Hepey; (JiopMyjiHpoBKOH ochobhoxo pe3yjiBxaxa nanoMHHM en^e necKOJiBKo onpe 7 ,ejieHHH. 
MnojKecxBo H C M" 6 y 7 ;eM Ha 3 MBaxB ecmdy pa3pueHUM, ecjin jnoGan ero KOMnonenxa 
CB5I3HOCXH BMpo>K7,aexc3 B xonKy; B 3XOM cjiynae nnmeM dim if = 0, r 7 ;e dim o6o3Hanaex 
monoAozuHecKym pasMepnocmh MHOJKecxBa if, cm. |39]. Oxodpaxcenne f : D ^ M” Ha 3 M- 
Baexcn HyAhMepnuM, ecjin dim{/“^(?/)} = 0 7 ,Ji 5 i Kancyoro y G M". IlycxB M" n M” - 
opnenxHpyeMBie pHManoBM MHoroo 6 pa 3 HH. Oxodpancenne / : —)■ M” naBMBaexcn co- 

xpaHHWvyuM opueHmayum b xonxe p G ecjin KOMnonenxa cb33hocxh K MHoncecxBa 
f~^{f{p)), co7;ep>Kan];a3 xonxy p, nBjinexcn KOMnaKxoM, KpoMe xoro, cymecxByex oxKpMxoe 
MHOJKecxBo W, co 7 ,ep>Kan];ee K, xanoe nxo ecjin U (Z W n U - oxKpnixo, / ~^{f{p))r\dU = 0, 
xo y{f{p), f, G) > 0. Oxodpancenne / : M" —)• M” naBMBaexcn AOKOAhHO coxpanAW'iyuM opu- 
enmayuH) na M”, ecjin / coxpannex opnenxapnio b Kaxcyon xonxe (cm., nanp., m). Hmccx 
Mccxo cjie 7 ;yion];aH 

TeopeMa 11. IlycxB n M” - opnenxnpyeMMe pHManoBM MHoroodpaBnn, D C M"", M"" 
HBjinexcn cbhbhmm n-peryjinpnMM no AjiB(|)opcy npocxpancxBOM, b KoxopoM BBinojineno 
(l;p)-nepaBencxBO IlyanKape, n — l^p^n, f:D —)■ M” - jiOKajiBno coxpanmon^ee 
opnenxapnio oxodpancenne, Q : M” —)• (0, 00 ) - HBMcpnMan oxnocnxejiBno Mcpni odx.eMa v 
(JiynKpnn. npe 7 ;nojio>KHM, nxo oxodpancenne / y7,OBjiexBop3ex cooxnomennio BH 7 ;a fl9^ b 
Ka>K 7 ;oH xonne yo G f{D) npn jnodon neoxpnpaxejmnon hbmcphmoh no Jledery (|)ynKn,HH 
V ■ {ri,r 2 ) —)• [0,oo], y 7 ;oBjiexBopnK)ni;eH ycjiOBHio ([93]). IlycxB cJ^ynKpHn Q{y), npoMC xoro, 
y7,OBjiexBopnex xoxn dm 07 ;noMy h 3 cjie7;yioiu;HX ycjiOBnn: 

1) Q E FMO{yo) B npoH3BOJiBnoH xonne yo G /(if). 
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2 ) qyo{r) = O ([logi]’" npH r 0 h npn Bcex yo G /(£>), r^e 4 )yHKpH 3 qy^{r) 
onpeflejiena paBencTBOM (irsj) . 

3) fljiH KajK^oro G /(-D) Hafi^excH neKoxopoe hhcjio 5{yo) > 0, xaKoe hxo npn ^ocxa- 
xoHHo MajiBix e: > 0 


<5(ot) 


dt 


<5(yo) 


Qyo'(t) 


< oo, 


dt 


= oo 




Tor^a oxo6pa>KeHHe / oxKpBixo h ^ncKpexHo. 

Kjiiohom k flOKaaaxejiBcxBy xeopeMBi [11] aBjuiexcH cjie^yiomaa jieMMa. 


(94) 


JieMMa 9. riycxB M"" h M” - opneHXHpyeMBie pHMaHOBBi MHorooGpasHH, D C M", M"" 
aBjiHexcH CB33HBIM ri-pexyjiHpHBiM no AjiBcjDopcy npocxpancxBOM, b KoxopoM BBinojineno 
(l;p)-HepaBeHcxBo HyanKape, n — 1 ^ p ^ n, f : D —)■ M” - jioKajiBHo coxpannion^ee 
opnenxapnio oxoCpancenne, Q : M"" —)■ (0, cxo) - nsMepnMan oxnocnxejiBHO Mepw o6x.eMa 
(JiyHKpHH. npe^nojiojKHM, nxo oxoCpaxcenne / y^oBjiexBopnex cooxHomennio Bn^a (19^ b 
K aJK^OH xonxe y^ G f{D) ^jin jnoGoii neoxpnpaxejiBHOH nsMepHMon no Jle6ery (jDynKpnn 
r] : (ri,r2 ) —)■ [0,cxd], y^oBjiexBopmonien ycjiOBHio fl9^ . ^ajiee, npe^nojioJKHM, nxo ^jih 
K aJK^oro yo & D nan^excn £o > 0, ^Jin Koxoporo BBinojineno cooxnomenne 


j Q{y) ■V{d{y,yo)) dv{y) = o{P{e,eo)) (95) 

Aiyo,£,so) 

fljin neKoxopoii nsMepHMon no JIe6ery (|)ynKn,HH ■^(t) : (0, cxo) —>■ [0, cxo], xanon nxo 

£0 

0 < I{e,eo) := J 'ip{t)dt < oo (96) 

£ 

npn Bcex £ G ( 0 , 60)5 A{yo,e,eo) onpe^eneno b (IT0|) npn ri = e, r 2 = Eq. Tor^a oxo6pa- 
jKenne / oxKpwxo n ^ncKpexno. 

/foKasameAhcmeo. ,II,ocxaxonno paccMoxpexB cjiynail, Kor^a / aa^ano b mape B{xo,R), 
jieJKanieM b nenoxopon nopMajinnon OKpecxnocxn U (JiHKCHpoBannoH xonnn xq- IIocKOJiBKy 
npoH3BOJiBnoe jiOKajiBno coxpanmon^ee opnenxapnio nyjiBMepnoe oxoCpancenne f : D ^ 
nBjinexcn oxKpnixBiM n ^HCKpexnwM b oGjiacxn D, cm., nanp., cjie^cxBne na exp. 333], 
fljin cnpaBe^JiHBOcxH aaKjnonennn jieMMBi naM ^oexaxonno noxaaaxB, nxo / - nyjiBMepnoe 
oxoGpancenne. IIpeflnojioJKHM npoxnanoe. Tor^a nan^exen yo G M”, xanoe nxo MnonceexBO 
{f~^{yo)} He HBjinexcH Bcio^y paapwanniM. Cjie^oBaxejiBno, no onpe^enennio, cymecxByex 
KonxnnyyM C C {f ~^{yo)}- SaMexHM, nxo, nocKOjiBKy oxoGpancenne / coxpannex opnen- 
xapHK), f ^ yo- Oxcio^a, no xeopeMe o coxpanennn anana naii^exen Xq G ZJ n (5o > 0 : 

B{xo,5o)cDii _ 

f{x)^yo V xeB{xo,6o)- (97) 


B cHjiy npe^jiojKenHH [2] 


Mjr C',5 (xo,5o),M” 


> 0 . 


(98) 
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SaMexHM, HTo B cHJiy HepaBencTBa fl97|) h b BH^y cooxHomeHHH f{C) = {|/o}, hh o^na 
H 3 KpHBBix ceMeficxBa A = / -B(a:o, ^o), ne BBipojK^aexca b xoHKy. B xo >Ke 

BpeMH, Bce KpHBBie yKasaHHoro BBime ceMeflcxBa A HMeiox o^hhm h 3 cbohx kohpob xonxy 
yo- IlycxB Fj - ceMeficxBo kphbbix ai{t) : (0,1) —)■ M” xaxnx, hxo ai(l) G S{yo, Ti), ri < ’"i 

- HeKoxopaa cxporo nojiojKHxejiBHaa BeipecxBeHHaa nocjie^oBaxejiBHocxB, xaKaa hxo r* 0 
npH i —)■ oo H Q!j(t) —)■ j/o npn t —)■ 0. Tor^a mbi Bnpaae 3 anHcaxB: 

OO 

r(c,B{xo,6o),M^)=[j r*, (99) 

i=l 

r^e r* - noflceMeiicxBo Bcex kphbbix 7 h3 F i?(xo, 5 o); , xaKHx hxo /(y) HMeex 

no 7 ;KpHByio b F*. SaiviexHM, hxo npoH3BOJiBHoro £ G (0,rj) 

r* > r(2/o,e,ri). (100) 


PaccMoxpHM cjie7,yioiri;yio cJiyHKpHio 

Vi,e{t) = 


0 , 


Ti 


r 7 ;e I{e,ri) = f SaMexHM, hxo j r]i^^{t)dt = 1 , no 3 xoMy mbi MoxceM BocnojiB 30 BaxBCH 

£ _ £ _ 

HepaBeHcxBOM BH7;a fl9^ . Hcxo7;h h 3 9xoro HepaBencxBa, BBH7;y cooxHomeHHH fllOOp . nojiy- 


HaeM: 


Mp{r*) ^ Mp{r{yo,e,ri)) ^ j Q{y) ■ 7 ]l^{d{y,yo))dv{y) ^ (101) 

A{yo,£,£o) 


ri 


r^e 5 'i(£) = / Q{y)Vid{y,yo))dv{y) h I{e,ri) = f ^(t)dt. YHHXBiBasi 

A(yo,£, 6 o) e 

HMeeM cjie7;yioiii;ee cooxHomeHHe: 


£0 


eo \ P 
f ‘4’d)dt 


f '<P{t)dt 


j Q{y)V{d{y,yo))dv{y) = G{e) ■ | / i){t)dt 

^(j/0,e,£o) 

r 7 ,e G{e) - A - 0 npn £ — )■ 0 no ycjioBHio jibmmbi. SaMexHM, nxo = G{e)- | 1 + 

£0 ri 

r 7 ;e J 'ip(t)dt < 00 - cJiHKCHpoBaHHoe hhcjio, a J 'ip(t)dt 00 npn £ —)■ 0, nocKOJiBKy 

ri _ £ 

BejiHHHHa HHxerpajia cjieaa b fl95|) yBejiHHHBaexcH npn yMeHBineHHH £. TaKHM o6pa30M, 
5’i(£) —)■ 0. F[epexo7;5i k npe7;ejiy b nepaBencxBe fllOip npn £ —)■ 0, jieBasi nacxB Koxoporo 
He 3aBHCHx ox e , nojiynaeM, nxo Mp(F*) = 0 npn jiioGom naxypajiBHOM i . 07;HaKo, xo- 

r7,a Mp ^F i?(a:o, ^0)5 j = 0 b BH7;y cooxHomeHHH fl9^ h xoro, nxo Mp ( IJ Fj ] ^ 


2=1 


^ Mp(Fj) (cm. [7]), Hxo npoxHBopeHHX nepaBencxBy fl95p . FEojiyneHHoe npoxHBopenne 7,OKa- 
2=1 

3BiBaex, HXO oxoOpanceHHe / HBjiHexcH nyjiBMepHBiM, a 3HaHHx, no HQl cjie 7 ,cxBHe, c. 333], 
oxoOpajKCHHe / oxKpBixo H 7;HCKpexHo, HXO H xpeOoBajiocB 7;oKa3axB. □ 
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6.1 

JJIoKasameAhcmeo meopeMU [77] Henocpe^cTBeHHo BbiTeKaex h3 jieMMBi [H] h paccyjK^eHHfi, 

anajiorHHHBix paccyxyri;eHH5iM, c^ejiaHHBix npn ^oKaaaTejiBCTBe TeopeM[T]H|ll □ 

6.2 

Ha jieMMBi 0 nojiynaeM xaRxce cjie^yiomHe yxBep>K;];eHHe. 

Cjie^CTBHe 4. HycxB p G (n — l,n), xor^a b ycjioBHHx xeopeMBi ITT] oxoGpaaceHHe 

/ 3BJIHeXCH OXKpBIXBIM H flHCKpeXHBIM, eCJIH (JiyHKpHa Q y^OBJieXBOpHeX yCJIOBHIO Q G 
npH HeKoxopoM s ^ 

/JoKasameAhcmeo. HpHMeHHa jieMMylH a xaKxce paccyxc^enna, npHBe^eHHBie npn ^oxa- 
saxejiBcxBe xeopeMBi [S] nojiynaeM HeoGxo^HMoe saKjiioHeHHe.. □ 


6.3 

TenepB npHBe^eM npiiMep Kjiacca oxo6pa>KeHHH, y^oBjiexBopjiiomHx HepaBencxBaM BH^a 
( 192 ]) . Hepefl oxhm, o^naKo, npHBe^eM eipe hbckojibko BcnoMoraxejiBHBix yxBepxc^eHHH, ^oxa- 
SBiBaiomHxca anajiorHHHo cjiynaio M"" (cm. [TTl xeopeMBi 1.3 n 5 . 3 ]; cm. xaxjxe [3 jieMMa 2 . 2 , 
rji. II]). 

IIpefljiojKeHHe 9 . OynKpHa ^jihhbi : [a, 6] —)■ M cnpaMjiHeMofl xpHBofl 7 : [a, b] —)■ M” 
o6jia7;aex cjie7;yioiii;HM cbohcxbom: h 'j'it) cyipecxByiox nonxH Bcio7;y, h, xpoMe xoro, 

noHXH Bcio7;y. ( 37 ;ecB 'y'{t) - aHaHenne npoHaB07;HOH ox xpHBofi, noHHMaeMoii 
B HopMajiBHBix xoop7;HHaxax). /JoKasameAhcmeo. HocxojiBxy cJiyHxpHa l^{t) MOHOxonna, 
xo ona HMeex noHxn Bci07;y xonennyio npoHaB07,Hyio. KpoMe xoro, xpiiBaa 7 MOJxex 6 bixb 
noxpBixa He 6ojiee, neM cnexHofi cHcxeMoil HopMajiBHBix oxpecxHocxeil U, b xa>x7,OH na xo- 
xopBix oGpaa xpHBofl 7 cnpaMjiHeM b cooxBexcxByiomHx jiokbjibhbix xoop7;HHaxax b M”. 
SnaHHx, B jioxajiBHBix xoop7;HHaxax xpHBaH 7 xaxjxe HMeex xonennyio npoHaB07;Hyio. 3 a- 
MexHM, Hxo l^{t2) — l-y(ti) ^ ^(7(^2),7(H)), r 7 ;e d - reo 7 ,eaHHecxoe paccxoHHHe, xaK hxo 
H epaBeHcxBo ^ 17 ^^)I OHeBH7;Ho. Heo6xo7;HMo noxaaaxB o6paxHoe HepaBencxBo. 

06 oaHaHHM nepea A MHOJxecxBo Bcex xonex na [a, b], xoxopBix |7Xt)| < ^{t), npHneM 
7'(t) H cyipecxByiox 07;H0BpeMeHH0, h nycxB Ak - MHOJxecxBo Bcex xonex t E A, 

XOXOpBIX 

l^jq) - l^jp) ^ ci(7(g),7(p)) ^ ^ 

q — p ^ q — P 

r7;e a^p^t^q^bmOKq—p<l/k. Hcho, hxo 7;jih aaBepmeHHH 7,oxaaaxejiBCXBa 
7 ,ocxaxoHHo ycxanoBHXB, hxo mi{Ak) = 0 npn bchxom fc = 1 , 2 ,..., r7,e mi - Mepa JleGera b 

Ri. 

HycxB /(7) oaHanaex 7;jiHHy xpHBOH 7. 7 I,jih nponaBOJiBHoro e > 0 paccMoxpHM paaGneHHe 

m 

oxpeaxa [a, b] xonxaMH a = ti ^ ^ ^ = b xax, hxo l^'y) ^ ^ ^(7(4), 7 ( 4 _i)) +e/k 

k=l 

H tj — tj-i < 1/k npH Bcex j = 1 , 2 ,... ,m. Ecjih [tj-i,tj] A Ak ^ 0, xo no onpe7,ejieHHio 
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MHOJKecTBa Afc, ly(tj)—l^(tj_i) ^ d{j(tj),'j(tj_i)) + (tj — tj_i)/k. CjieflOBaTejibHo, o6o3HaHHB 
Aj := Gy^eM HMexB: 

m 

mi{Ak) ^ E mi{Aj) ^ k 

A^'nAfe 7^0 3 = 1 

m 

^ k 5 ^(/( 7 ) - c?( 7 (^j), 7 (Vi))) ^ ^ • 

J=1 

nocjie7;Hee cooxHomeHHe 7;oKa3BiBaex paBencxBo mi{Ak) = 0 a, 3HaHHx, nocKOJiBKy A = 

OO 

IJ Ak, mi{A) = 0, Hxo H xpeGoBajiocB ycxanoBHXB. □ 

k=l 

IIpe^^jiojKeHHe 10. IlycxB D C M"’, f : D ^ M” h a : A —)■ H - jioKajiBHO cnpaM- 
jiaeMaa KpHBaa xaKaa, hxo oxcOpaacenne / aOcojiioxHo nenpepBiBHo na jiioGoh 3aMKHyxoH 
no^KpHBOH a. Tor7;a KpHBaa / o a jioKajiBHO cnpaMjiHeMa, h ecjin p : | / o a| —)■ M - Heoxpn- 
paxejiBHaa GopejieBCKaa (JiyHKpHH, xo 


J p{y)\dy\^ j p{f{x))L{xJ)\dx\, 

foa a 

r 7 ;e L{x,f) onpe 7 ;ejieHo nepBBiM cooxHomeHneM b (|2]). /doKasame/ihcmeo. npe 7 ,nojio>KHM 
BHanajie, hxo A - 3 aMKHyxBm oxpe30K [a,b]. HocKOJiBKy no ycjioBHio f o aGcojnoxno 
nenpepniBHa, xo ona cnpnMjineMa. Tor 7 ,a cnpnMjineMa n KpnBan foa, nocKOJiBKy ona nojiy- 
naexcn h3 / o a® B03pacxaion];eH BaMenon napaMexpa (cm. xeopcMy [9]). riojIOJKHM /(a) = p, 
l{f o a) = q, H nycxB s : [0,p] —)■ [0,^] - (|)yHKn,H5i 7,jihhbi KpnBon f o (37,ecB n 7 ,ajiee 
03Hanaex nopMajinnoe npe 7 ;cxaBjieHHe KpnBon a). IloBxopnn paccyjK 7 ;eHHH b 7;oKa3a- 
xejiBCXBC 7 ,ocxaxonHocxH npe 7 ;jio>KeHHH [HI mbi 3 aKjnonaeM, nxo h3 bGcojiioxhoh nenpepniB- 
HocxH KpHBOH foQ .^ cjie 7 ;yex aGcomoxnan nenpepBiBHOcxB ee (JiynKpnn 7 ;jihhbi s { t ). Ilojiaran 
/9 = (/ o a)^, BBH 7 ,y nyHKxa II xeopcMBi |9] mbi 6 y 7 ;eM hmoxb: jd o s = {f o o s = f o 
BBH 7 ,y 3 aMeHBi nepcMennon nop; 3 HaKOM nnxerpajia JleGera 6 y 7 ;eM hmoxb: 

<? 

j p{y)\dy\ = jp{.(d{t))dt = 

foa. 0 


P P 

= J p{f3{s{u)))s'{u)du = J p{f{a^{u)))s'{u)du. ( 102 ) 

0 0 

Ho npe 7 ,Jio>KeHHio m s'{u) = |(/oq!°)'(-u)| nonxn Bci 07 ;y. PaccMoxpnM xanne u, KoxopBix 
npoH3B07;HBie (/ o a^)'{u) n a^'{u) b nopMajiBHBix Koop7;HHaxax 07 ;H 0 BpeMeHH 0 cyipecxBy- 
lox. IlocKOJiBKy - nopMajiBHoe npe7,cxaBjieHHe, mbi mojkcm nanxn nocjie7;oBaxejiBHocxB 
nojioJKHxejiBHBix nnceji rj, rj 0 npn j ^ oo, xanyio nxo a^{u + Vj) ^ a^{u). Tor7;a mbi 
6y7,eM hmcxb: 


\{foay{u)\ 


d^{f{a°{u + Vj)), f{a^{u))) d{a°{u + rj),a^{u)) 
j^OO dy^u + rj),a^{u)) rj 
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^L{a%u)J)-\a^\u)\, (103) 

r^e, KaK oGbinno, d n d^, - reo^esHHecKHe paccxoaHHa na M” h M”, cooTBexcTBenHo. Tax 
KaK B HOpMajIBHBIX KOOpflHHaxaX |a°'(M)| = 1 H, KpOMe xoro, s'{u) = \{f o a‘^)'(M)| (cm. 
paccyjK^CHHH H3 flOKaaaxejiBcxBa ^ocxaxoHHocxH npe^jiojKeHHH [8]), xo h3 fll03p BBixexaex, 

HXO 

s'{u) ^ L{a^{u), f). (104) 

OKOHHaxejiBHo, h3 (I102p h (I104p BBixexaex, hxo 


P{y)\dy\^ / p{f{a^{u)))L{a^{u)J)du 


foa 


j pUi.x))L{xJ)\dx\, 


Hxo H xpeOoBajiocB ycxanoBHXB. □ 


6.4 


npoH3BOJiBHoro p ^ 1 paccMoxpHM enemumm dnAamav^um omodpaotcenuH f nopsidKa p, 
onpep;ejieHHyio no npaBHjiy 


Ko,p{.x, f) 


Ji^J) ’ 

1 , 


J{x,f) ^ 0, 
f'{x) = 0, 


oo, 


B ocxajiBHBix cjiynanx 


rp;e L{x, f) onpep;ejieHa nepBWM cooxHomenneM b ([2]). Cjiep,yion];HH pe3yjiBxax npep;cxaBji3ex 
co6oh HCKoxopoe ycnjicnne op;Horo h 3 KjiaccnnecKnx Mop;yjiBHBix nepaBencxB p;jiH oxo6pa- 
jKeHHH c orpannneHHBiM ncKancenneM (cm. [71 xeopcMa 2.4, rji. II]), op;HaKo, naMn sxox 
pe3yjiBxax p;oKa3aH p,ji3 npoH3BOJiBHoro p ^ 1 n na npoH3BOJiBHOM pnManoBOM MHorooGpa- 
3HH. 


TeopeMa 12. IlycxB D C M", f : D ^ M*” - oxoCpancenne, p;H(j3(|)epeHii;Hpye- 
Moe B oOjiacxH D nonxn Bciop;y, o6jiap;aK)n];ee N n iV“^-cBOHcxBaMH JlyBnna n, xpoMc 
xoro, / G ACPp. npep;nojio>KHM, q : M”' —)■ [0, oo] - GopejiCBCKan (JiynKpnH, xaxan nxo 
/) ^ rl-nn nonxn Bcex x ^ D. Torp;a p;ji3 jnoOoro ccMencxBa xpnBBix F, jicnca- 

niero b OopejiCBCKOM nop;Mno>KecxBe A G D, r p;ji3 npoH3BOJiBnoH cJiynKpHH p' G adm/(r) 
BBinojinnexcH nepaBcncxBO 


Mp{T)< j p'P{y)N{yJ,A)q{y)dv{y), 

rp,e (j3ynKn;HH xpaxnocxn N{y,f,A), xan oGninno, onpep,ejiena b ([5]). /doKasameJihcmeo. 
IlycxB p' G adm/(r), xorp;a onpep;ejiHM (JiynxpHio p nojiaran p(x) = p'(/(x))L(x,/) npn 
X G 4 H p(x) = 0 npn x G M” \ A. IlycxB Fq - ccMencxBO Bcex 3aMxnyxBix jioxajiBno cnpnM- 
jiHCMBix xpHBBix ceMCHcxBa F, na xoxopwx / jioxajiBno adcojnoxno nenpepniBno, xorp;a ynn- 
XBiBan cp;ejiannoe npep,nojio>xenHe na oxodpancenne /, mbi nojiynnM: Mp(F) = Mp(Fo). B 
xaxoM cjiynac, no npcp^Jionccnnio 1101 J p(x)|(ix I = IP'ifix))\\f'{x)\\\dx\ > f p'{y)\dy\ > 1, 

7 7 /07 
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cjieflOBaTejibHo, p 6 adraFo. y^HTtiBaa bosmojkhoctb saMenBi nepeMennoH ^jia oxodpa- 
jKeHHH, flH(|)4)epeHii,HpyeMBix noHXH Bcio^y h odjia^aiomHx N h y “^-cBoflcxBaMH JlysHna 
(cm., Hanp., [ 3 ], npe^jiojKeHHe 8 . 3 ] jihGo |T^ jieMMa 8]), a xaRxce tot (|)aKT, hto xaKHx 
OTodpaJKeHHH J{x, /) 7^ 0 noHXH Bcio7i;y (cm. xaM jkc), mbi 6y7i;eM hmctb: 


Mp(r) = Mp(ro) < j ff{x)dv{x) 

M" 


r p’p{f{x))\\f\x)\\pj{x,f) 

J J{xJ) 


p'^{fix))q{fix))\J{xJ)\dv{x) = j p'P{y)N{yJ, A)q{y)dv{y) . 

A M" 

TeopcMa 7i,oKa3aHa. □ 

B cxaTBc TjiaBHBiM odpaaoM Hccjie 7 i,OBaH cjiynafi p E (n — 1, nj. K coxcajicHHio, o6 oxKpBi- 
TOCTH H 7i;HCKpeTHOCTH OToGpaJKeHHH, OTHOCHipHXCH K npOH3BOJIBHOMy p ^ 1, MBI HKHCTO HC 
MOJKCM yTBep>K 71 ,aTB. 
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